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ABSTRACT
RESONANCE ABSORPTION OF MHD SURFACE WAVES 
WITH
APPLICATIONS TO THE SOLAR ATMOSPHERE
by
Guang Yang 
University of New Hampshire, May, 1992
This thesis  s tu d ies  th e  physics of resonance abso rp tion  of MHD surface waves 
a n d  exam ines the  effects of velocity sh e a r  on  th e  ra te  of reso n an ce  absorp tion . 
T heoretica l an a ly ses  a n d  n u m erica l c a lc u la tio n s  d e m o n s tra te  th a t  reso n a n c e  
abso rp tion  of MHD surface w aves is a  viable m echan ism  for h ea tin g  of th e  so lar 
corona.
It is show n th a t resonance absorp tion  h a s  a  very sim ple physical in te rp re ta tion  
in  te rm s  of d riven  h a rm o n ic  o sc illa to rs . T h is  in s ig h t g rea tly  s im plifies  th e  
m ath em atics  an d  allows a  tho rough  d iscu ss io n  of th e  so la r coronal heating . It is 
found th a t  resonance absorp tion  of MHD surface w aves ca n  occur rapidly  enough to 
h e a t  th e  so la r  coronal active reg ion  loops, w hich  have  th e  la rg e s t h e a tin g  
requ irem en ts, co n sis ten t w ith th e  observation  th a t  th e  su rface  b rig h tn e ss  of the  
loops is roughly independen t of loop size. It is suggested  th a t  th e  large velocity 
sh e a rs  n e a r  the resonan t field line could drive a  Kelvin-Helmholz instab ility  which
xiv
w ould in  tu rn  lead  to a n  effective eddy viscosity  a n d  u ltim ately  to  d issipation  in to  
hea t. The effects of th ree  different form s of v iscosity  on th e  Alfven resonance  are 
considered . Only c lassica l sh e a r  v iscosity  is able to  ab so rb  th e  energy w hich is 
pum ped  in to  th e  th in  re so n a n t layer. In  the  s teady  s ta te , the  n e t heating  ra te  is 
independent of the  viscosity coefficient, if th e  heating occurs in  a  th in  layer.
The effects of velocity sh e a r  on  the  ra te  of resonance abso rp tion  are investigated 
for bo th  incom pressib le an d  com pressib le MHD su rface  waves. Velocity sh e a r  can  
either Increase o r decrease th e  ra te  of resonance absorp tion . It is veiy in teresting  to 
discover th a t  resonance ca n  lead to  a n  instab ility  a t  v a lu es  of velocity sh e a r  below 
th e  th resho ld  for th e  Kelvin-Helmholz instability. The num erica l re su lts  reveal these  
effects are  n o t dram atic  for very sub-Alfvenic field-aligned flow in  th e  so la r corona, 
b u t  m ay play an  im portan t role in  the  super-Alfvenic so la r w ind stream s.
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CHAPTER 1
AN INTRODUCTION TO THE SUN
I am  often asked why and  w hat are  yo u r so lar people doing or why is the  solar 
a tm ospheric  h ea tin g  p roblem  im p o rtan t?  Yes, com pared  w ith  th e  several billion 
s ta rs  in  o u r galaxy, o u r  s u n  is  only a  relatively fairly ord inary  s ta r . However, the  
s u n  canno t be regarded ju s t  a s  an o th er s ta r. By m eans of its  proxim ity to earth , the  
s u n  is, to  m an , th e  m ost un ique  of all s ta rs . It provides th e  testing  ground for ou r 
theories of s te lla r s tru c tu re  and , ultim ately for m ost of o u r  concepts of the  n a tu re  of 
the  universe.
In addition  to its un iqueness as  a n  astronom ical object, th e  su n  is the  source of 
life-giving energy for m an . R ad ian t energy from  th e  s u n  de te rm ines the  su rface 
tem p era tu re  of the ea rth  an d  supplies v irtually  all th e  energy for n a tu ra l processes 
on the  e a rth ’s  surface and  in  its  atm osphere. The s u n  is  m ore directly in  control of 
the  space environm ent of the  earth  and , in  fact it is no t a  s tre tch  of tru th  to say th a t 
the  ea rth  is im bedded in  the  solar atm osphere.
The influence of th e  s u n  on geophysical phenom ena a n d  the  control of the  su n  
over o u r space environm ent provide added  im petu s  for in tensive s tu d y  of th e  sun , 
quite  a p a rt from  the  role of the  su n  in  astronom y. Together these  two m otivations 
resu lts  in  an  intensive effort in  so lar physics, a s  they  properly should.
The discovery of th e  high tem pera tu re  of th e  so la r corona by G ro trian  an d  by 
Edlen ab o u t a  h a lf  cen tu ry  ago revitalized so la r physics bo th  by posing  new  and
2fu n d am en ta l p roblem s an d  by stim u la ting  th e  developm ent of th e  theoretical and  
observational tech n iq u es  needed  for th e ir  so lu tion . The m ost im portan t unsolved 
m y ste ry  s u rro u n d in g  th e  qu ie t s u n  is  s till th e  ex p lan a tio n  of how  th e  s u n ’s  
tem p e ra tu re  in creases  ou tw ard  from  a  m inim um  of a b o u t 4300 K ju s t  above the  
p h o to sp h e re  to  1-3 x  106 K in  th e  corona w ithou t v io lating  th e  second law  of 
therm odynam ics. The goal of th is  th es is  will be to  a d d re ss  one approach  to  the  
so lu tion  of th is  m ystery.
1 .1  QUIET AND ACTIVE SUN
T he d e sc r ip tio n  of th e  p h y s ic a l n a tu r e  of s o la r  p h e n o m e n a  a n d  th e  
u n d e rs ta n d in g  of th e ir  o rig ins is a ided  by, trad itio n a lly , a  d iv ision of th ese  
phenom ena into two classes: quiet and  active.
The term  "quiet" is u sed  here  to  imply th a t  so la r activity, ro ta tion  and  general 
m agnetic field are neglected so th a t the  s u n  h a s  no preferred direction and  is viewed 
a s  a  sta tic , spherically  ball of ho t p lasm a, whose properties change w ith rad iu s  only 
a t  a  first approxim ation, which are uniform  over any  one spherical layer. Using th is  
assum p tion , the  core, convection zone, photosphere , chrom osphere, an d  corona are 
considered  in  th e ir  o rder of occurrence, w hich allow u s  to  follow the  generation  of 
so la r energy and  the  various m odes of its  tra n sp o rt ou tw ard  (Figure 1.1). The unique 
physical cha rac te ris tic s  of each layer are a ttr ib u ted  to  various m anifestations of the  
outw ard  energy flow. It is bo th  m eaningful an d  valid to d iscuss  th e  quiet s u n  a s  an  
en tity  by itself. It is  a  logical s ta rtin g  poin t for u n d ers tan d in g  all so la r phenom ena 
a n d  will form  a  concep tual fram ew ork in to  w hich th e  ch arac te ris tic s  of th e  active 
s u n  are  in troduced . In  th is  in troduction  th e  focus will be lim ited on the quiet su n  
regions.
3In  con trast, so lar activity refers to  processes th a t  occu rs  in  localized regions of 
th e  so la r a tm osphere  an d  w ith in  fin ite  tim e in te rvals . T he observable tra n s ie n t 
phenom ena  of a n  active region, su c h  a s  su n sp o ts , p rom inences and  flares, are 
superim posed on the  quiet atm osphere, and  owe th e ir  existence to  the  m agnetic field.
It sh o u ld  be m entioned , however, th a t  active p h en o m en a  occur even outside 
active regions; m agnetic  flux tu b es , sp icu les, an d  th e  chrom ospheric  netw ork  are 
exam ples. T h is  div ision is  of co u rse  less  th a n  ideal. F o r in s ta n c e , th e  quiet 
a tm osphere  is influenced significantly by th e  m agnetic  field; it is s tru c tu re d  by  the  
m agnetic  ne tw ork  above a n d  a ro u n d  evolving su p e rg ra n u le  cells an d  th e  norm al 
heating of the  quiet ou ter atm osphere m ay well be due  to  th e  m agnetic field.
1 .2  SOLAR INTERIOR
The in terio r is divided in to  th ree  regions, nam ely  th e  core, radiative zone and  
convective zone, w here d ifferent physica l p ro cesses  a re  dom inan t. A n essen tia l 
p roperty  of the  s u n  is th a t  it is m assive (one th ird  m illion tim es a s  m assive as  the  
earth). The in terior of th e  s u n  is shielded from our view; only surface layers can  be 
seen. However, theoretical m odels of its  s tru c tu re  gives a  core tem pera tu re  of 1.55 x 
107 K and  density  of 158 g /cm 3 th a t  are high enough for therm onuclear reactions to 
tak e  place. The core’s  tem pera tu re  is so high th a t  th e  m ateria l there  rem ains  in  a  
gaseous (plasma) sta te . The prim ary reaction is the  fusion  of hydrogen nuclei to form 
helium  nuclei (4 *H -> 4He). For every gram  of hydrogen en tering  the  reaction, abou t 
0 .007  g is converted  into energy. To produce the  so la r lum inosity  of 3 .86  x  1033 
e rg s /s , every second some 4.5 million tons  of so lar m ass  m u s t be converted to energy. 
The core con tains only ha lf of the  m ass  of the  s u n  in  only abou t 1 /6 4  of its  volume, 
b u t generates 99% of its energy.
4T his energy is slowly tran sfe rred  outw ard  acro ss a  region referred  to as  the  
rad ia tiv e  zone by  rad ia tio n . O utw ard  from  th e  core, tem p e ra tu re , density  an d  
p re ssu re  decrease rapidly, a s  does the energy of a n  average photon. The photons are 
absorbed  and  re-em itted  (radiated) m any  tim es on th e ir  ou tw ard  jo u rn ey  because of 
th e  h igh densities. Energy flowing from the  core in  th e  form  of high energy gam m a 
rays is changed to X-rays, th en  to EUV, to  UV and  finally to  the  lower energy visible 
ligh t w hich com prises m ost of th e  so lar energy freely rad ia ted  to  space. However the  
energy is no t tran spo rted  all the  way to  the  surface by rad ia tion  only. At seven-tenth 
so la r rad iu s  th e  gas properties have changed to su ch  a n  ex ten t th a t the  gas above is 
convectively unstab le  an d  tu rb u len t convection occurs.
In  th e  convection  zone, tem p e ra tu re  is th e  g as  p roperty  th a t  is  p rim arily  
responsib le  for th e  estab lishm ent of a tu rb u len t layer b en ea th  th e  s u n ’s  surface. As 
th e  tem pera tu re  drops to  a  value which is low relative to  th a t  in  the  core, there  are 
som e im p o rtan t consequences. Free e lectrons can  now be  trap p ed  by  atom s into 
bo u n d  energy sta tes; associated  with the  increase in the  n u m b er of atom s, there is an  
increase  in  the  opacity of th e  gas (it becom es less tra n sp a re n t to  radiation), and  a 
resu lting  increase In the  tem pera tu re  gradient. T hus rad ia tion  becom es less effective 
in  tran sp o rtin g  energy. The prim ary  m ode of energy tra n sfe r  th rough  the  convection 
zone is direct tran sp o rt, in stead  of radiation. Each elem ent of ho t rising  gas carries 
its  own parcel of energy directly to the  surface, and  cooler elem ents of gas descend, 
b u t  th ere  is a  n e t ou tw ard  flux of h ea t energy. In addition , the  powerful tu rbu lence  
g en e ra te s  no ise o r "m echanical energy" w hich, a s  low frequency  sou n d  waves, is 
m ain ly  trapped  in  the  so la r in terio r an d  m anifests itse lf a t  the  photosphere as  the  
"five-m inute oscillations." These trap p ed  w aves are  keenly  u sed  to  s tudy  th e  so lar 
in terio r (i.e. helioseismology) m uch  in  the  sam e w ay a s  seism ic waves in  the  earth  
are used  to s tudy  the  ea rth ’s  interior.
5The m otions a t the  top of th e  convection zone can  generate  m echanical energy 
w hich  is  th e  u n ique  key to  th e  re se a rc h  of th e  dynam ical so la r  a tm osphere . 
According to dynam o theory , th is  zone (or its  lower boundary) is also th e  region 
w here the  su n ’s  m agnetic field is  generated.
1 .3  THE SOLAR ATM OSPHERE
B ecause the  s u n  is gaseous th roughout, there  is no rigid boundary  m arking  the 
s ta r t  of the  a tm osphere  and  end of the  interior, and  a lso  the  division of a  gaseous 
so la r a tm osphere  in to  layers w ith different n am es is nearly  alw ays a  som ew hat 
arb itra ry  process. However, a  definite optical boundary, below w hich we canno t see, 
exists and  it is commonly referred to as  th e  so lar surface. In  o th e r words, the  s u n ’s 
p roperties  below th e  su rface  a re  m ain ly  derived from  th e  theo re tica l m odels; b u t 
above th e  surface, properties can  be determ ined by a varie ty  of observations. T hus, 
though  no realistic boundaries exist, it is convenient to divide the  so lar a tm osphere 
in to  layers w ith different physical p roperties, su c h  a s  ch arac te ris tic  tem p era tu res  
an d  densities.
The p h o to sphere  is  th e  low est and  extrem ely th in  layer of p lasm a, w hich is 
relatively dense  and  opaque an d  em its m ost of th e  so la r rad ia tio n  In a n  (almost) 
b lack  body spectrum . Above it lies th e  ra re r  a n d  m ore tra n sp a re n t chrom osphere, 
while th e  corona extends from  the  top of a  narrow  tran s itio n  region to the  earth  and  
beyond. As can  be seen  from  Figure 1.2, the  density  decreases rapidly  w ith height 
above the  so lar surface (hereafter, th e  term  "height" is reserved to th e  d istance above 
th e  so la r surface which will be  defined shortly). After falling from  about 6000 K a t 
th e  base  of the  pho tosphere  to a  m inim um  value of a b o u t 4300  K a t the  top of
6photosphere, the  tem pera tu re  rises slowly th rough  the  lower chrom osphere and  th en  
dram atically  th rough  th e  tra n s itio n  region to  a  few m illion degrees in  th e  corona.
The so la r s tudy  h a s  been  greatly  enriched by observations of the  spectrum . The 
sp e c tra l lines give u s  m u ch  in fo rm ation  on tem p e ra tu re  from  th e ir  in tensitie s , 
m agnetic  field s tre n g th  deduced  from  Z eem an sp litting , a n d  local line of sigh t 
p lasm a  m otion  deduced  in  te rm s of D oppler sh ifts  a n d  D oppler b roaden ing  of 
spectra l lines. M ost of lines are  formed in  the  u p p er pho tosphere , b u t  some, su ch  as  
th e  H B alm er-alpha line (Ha), w hich is due to  a  H atom  dropping from  its  th ird  to its 
second quan tum  level, come from  the  chrom osphere. T hus, w hen  the  s u n  is observed 
th ro u g h  filte rs of different w aveleng ths, p ic tu re s  c a n  be  o b ta ined  of th e  so la r 
s tru c tu re  a t a  variety of levels.
1 .3 .1  T h e  P h o to sp h e r e
The photosphere w as nam ed after the  Greek word for "light". It is the  layer which 
we actually  see and  w hich defines th e  very sh a rp  visible edge of th e  su n . Most of the  
so la r  rad ia tio n s  are  from  th e  extrem ely  th in  layer of a b o u t 100 km  th ick  and  
centered  abou t th e  point where the  optical depth  a t a  w avelength of 5000 A is equal 
unity , or T5 0 0 0  = 1- The photosphere is defined a s  the  region from  1 5 0 0 0  = 1. the  zero 
level of the  so lar atm osphere, u p  to  th e  tem pera tu re  m inim um , ab o u t 550 km  thick. 
Its  rad ius, u sually  considered to  be the  solar rad ius, is 6 .96  x  105 km . If it is assum ed 
th a t  th e  em itted  rad ia tion  is in  equilibrium  an d  th e  S tefan-B oltzm ann law (energy 
flux = oT4) is u sed  to calcu late  a n  effective tem pera tu re  for th e  whole em itting layer, 
a  value of 5785 K resu lts.
In  moving outw ard th rough  the  convection zone, the  g a s  density , tem pera tu re  
a n d  p re s su re  co n tin u e  to  d ec rease , an d  d en sity  now  becom es th e  im p o rtan t
7param eter. As the  pho to sphere  Is reached , a  p h o to n  em itted  outw ard  h a s  only a 
sm all probability  of being re-abso rbed  or sca ttered . The p ho ton  th e n  is m ore likely 
to escape into space th rough  th e  tra n sp a re n t a tm osphere  above. The energy which is 
rad ia ted  by the  photosphere  co n stitu tes  alm ost all of the  energy em itted by the  su n  
into space and  is centered in  th e  visible range of spectrum . T hus, it is no t surprising  
th a t  ou r eyes have developed sensitivity  in  th e  visible sp ec tru m  ra th e r  th a n  in  o ther 
ranges. An im portan t fea tu re  of th e  so la r sp ec tru m  is th e  p resence  of F raunhofer 
absorp tion  lines, nam es afte r th e ir discoverer.
However, th e  pho to sp h ere  is n e ith e r  un iform ly  b rig h t n o r  perfectly  still. An 
obvious indication of the  underly ing hydrogen convection zone an d  the  m ost notable 
fe a tu re  of th e  p h o to sp h e re  is g ra n u la tio n . In  a  h ig h -re so lu tio n  w h ite -lig h t 
pho tograph , g ran u la tio n  is  clearly  evident, resem bling  a  p a tte rn  of co m  kernels. 
Such a  g ranu lar s tru c tu re  covers the  whole s u n  a t  th e  photospheric level and , a t any 
one tim e, there  are ab o u t a  m illion g ranu les p resen t, w hich rep resen t the  top of the  
convective cells th a t  a re  overshooting th e  u p p e r convection zone. The cen te r of a 
g ran u le  ap p ears  b rig h te r th a n  its  b o u n d a ry  b ecau se  it is  com posed of h o t rising 
p lasm a w ith  0 .4  k m /s  an d  horizon tally  outflow ing p lasm a  w ith  0 .25  k m /s . The 
typical d iam eter of a  cell is l"-2" (700-1500 km) an d  th e  m ean  d istance betw een cells 
cen te rs  is abou t 1800 km; i ts  m ean  lifetime is ab o u t 8 m in  b u t  individual g ranu les 
m ay live for 15 m in. More careful observation reveals th a t  th ere  also exist abou t one 
th o u sa n d  larger p a tte rn s  of pho tospheric  m otion. T h is is  called su p erg ran u la tio n  
w hich is also though t to  be convection, a n d  com prises th e  tops of large convection 
cells. S u p e rg ranu la tion  cells are  approx im ately  18 tim es larger th a n  g ran u la tio n  
cells and  they  las t roughly 120 tim es longer (about 1-2 days). Their boundaries are 
very  p rom inen t in  th e  ch ro m o sp h ere  a n d  a re  reg ions w here m agnetic  flux is 
concentrated . (In 1960, Leighton discovered 5 -m inute  oscillations in  the  photosphere.
8The up -and-dow n  oscillations a re  b e s t observed a s  D oppler sh ifts  over a scale of 
abou t 10,000 km  n e a r  the  cen te r of the  disc. The m ean  period is 5 m in u tes  in  the  
photosphere  and  decreases slightly w ith height.) In  1962, Leighton. Noyes and  Simon 
found out th a t  th e  chrom ospheric netw ork outlines superg ranu le  cells.
In  the  pho tosphere , a  su rp ris in g  phenom enon occurs. One w ould expect th a t, 
because  the  layers above the  photosphere absorb  only a  sm all am ount of energy from 
inside an d  are  free to  release th is  energy by radiation, tem pera tu re  would continue to 
decrease a s  we move outw ard. However, a t th e  top of the  photosphere, tem pera tu re  
reach es  a  m in im um  an d  th e n  ac tua lly  increases  ou tw ard  to a  coronal value of a 
m illion  degrees, a  te m p e ra tu re  ap p ro ach in g  th a t  fo u n d  in  th e  core. T h is  is 
dem onstra ted  by the  tran s itio n  from  the  darkening a t the  edge of the  s u n  evident in  
w hite-ligh t pho tographs, w hich is ch a rac te ris tic  of pho tospheric  em ission, to  the 
lim b b rig h te n in g  se e n  in  m u c h  s h o r te r  w aveleng th  p h o to g ra p h s , w hich  is 
ch a rac te ris tic  of the  a tm osphere  above. At som e w avelengths th e  pho tons originate 
n e a r  th e  tem pera tu re  m inim um ; th is  gives limb darkening. At o ther wavelengths the 
p h o to n s  o rig inate  above th e  tem p e ra tu re  m in im um , a n d  lim b b righ ten ing  th e n  
resu lts . The m echanism  responsible for the  additional in p u t to the  ou ter atm osphere 
is  considered  to  be th e  m echanical energy generation  by  th e  convection zone below. 
T his is how the  second law of th e  therm odynam ics is no t violated. An analogy is the 
ability of a  boy scout a t 98 .6  F to  s ta r t  a  fire by rubbing  two sticks together. The non- 
radiative m echanical energy p asses  through  the  photosphere  and  is d issipated  in  the 
chrom osphere and  corona, thereby  elevating th e ir  tem pera tu res.
1 .3 .2  T h e  C h ro m o sp h ere
For a  few seconds ju s t  before and  also ju s t  a fte r eclipse totality , a  p ink  flash 
a p p ears  a t th e  limb. The color is a ttr ib u ted  to  th e  dom inan t red Ha line which is
9em itted  strongly  w here T => 104 K. This flash gives visib ility  to  th e  chrom osphere. 
According to  C. A. Young (1895) of Princeton University, th e  nam e "chrom osphere" 
w as first proposed in  1869 by two Englishm en, the  so lar physicist J .  N. Lockyer and  
the  chem ist E. F rank land , from  the  Greek word for "color". The chrom osphere is the  
region (<= 2000 km  thick) lying above the  tem pera tu re  m in im um  an d  below th e  steep 
tem p era tu re  rise  to  coronal tem p e ra tu re s  of 106 K. W hile fitting th e  b lack  body 
em ission curve enables u s  reliably to  set the  effective tem pera tu re  of the  photosphere 
a t 5785 K, a n d  the  ionization equilibrium  tells u s  th a t  th e  corona gets up  to  m illions 
of degrees, we can  only tell th a t  the  chrom osphere is som ew here in  betw een. This Is 
b e c au se  th e  horizon tal tem p era tu re  g rad ien t th ro u g h  it varies  accord ing  to  th e  
m agnetic  s tru c tu re ; th u s  th e  ch rom osphere  ca n  n o t b e  m odelled  in  te rm s  of 
spherically  sym m etric shell.
Three regions of chrom osphere  are divided (Athay 1976): a  low chrom osphere  
region of approxim ately 400 km  exten t in  w hich there  is a n  initial tem pera tu re  rise; 
a  m iddle chrom ospheric  region in  w hich th e  tem p era tu re  r ise s  slowly from  abou t 
5500  K to a b o u t 8500  K in  a  he igh t in terval of a b o u t 1200 Ion; an d  a  high 
chrom osphere  region in  w hich the  tem p era tu re  firs t r ise s  sha rp ly  a n d  th e n  m ore 
slowly to  abou t 5 x  104 K an d  the  th ickness is abou t 500 km . The th ickness of th is  
region is open to  serious d ispute  and  should  be regarded a t  th is  stage a s  being very 
ten ta tive .
The ch rom osphere  itse lf  is h ighly  non-un ifo rm . S im ila r to  th e  g ran u la tio n  
p a tte rn s  observed  in  the  p ho to sphere , a  h o tte r  a n d  s tru c tu re d  ch rom ospheric  
netw ork  can  be observed in  th e  m iddle chrom ospheric em issions. The scale of th is  
netw ork corresponds fairly closely to th a t of superg ranu la tion  and  the  bright regions 
of the  ch rom ospheric  ne tw ork  corre la te  well w ith su p e rg ra n u la tio n  b o u n d a rie s
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w here m agnetic field is concentrated . At th e  lim b one sees  th e  chrom osphere as  a 
m a ss  of p la sm a  je ts  know n a s  sp icu les; th ey  a re  e jec ted  u p  from  th e  h igh  
chrom ospheric p a rt of supergranu le  boundaries (probably along m agnetic field lines) 
and  reach speeds of 20 to  30 k m /s  and  heights of abou t 11,000 km  before fading. The 
m ass  and  energy flow represen ted  by spicules is a  critical factor in  th e  overall m ass  
and  energy balance of the chrom osphere an d  corona.
Across the  chrom osphere the  density  decreases rapidly w ith the  height, a s  in  the  
photosphere. This large density  drop plus th e  role of m agnetic  field can  be used  a s  a 
key to  o u r  study . This cau ses  th e  kinetic energy of fluid m otion  to  becom e sm all 
relative to th e  energy sto red  in  th e  m agnetic field, w hich does n o t decrease rapidly 
w ith height. T hus, the  s itu a tio n  changes from  th a t  in  th e  pho tosphere , w here the  
fluid m otions overpower th e  m agnetic field an d  p u sh  it a b o u t a t will, to th a t  in  the  
upper chrom osphere, where the  m otion of the  com pletely ionized gas is confined and  
organized by the  m agnetic  field. Hence, by  c o n tra s t w ith  th e  high-p (P = P gas /  
P m a g n e tic )  pho tosphere , the  m agnetic  field d o m in a tes  th e  g as  m otions in  th e  
chrom osphere. Com pared to the  chaos of the  g ranu lation , th e  chrom osphere show s a 
w ell-ordered  s tru c tu re  governed by th e  m agnetic  p a t te rn  of th e  p h o to sp h e re , 
principally  netw ork and  active regions.
1 .3 .3  T h e  T r a n s itio n  R eg io n
Between the  chrom osphere and  corona lies a  region of u n u su a l in te rest know n as  
the  tran s itio n  region, w hich is  only a  few th o u sa n d  k ilom eters th ick  (Figure 1.3). 
Typical tran sition  region m odels give a  rapid  tem pera tu re  rise from  (3 - 5) x  104 K to 
(3 - 5) x  105 K in  a  th ickness of only several h u n d red  kilom eters. After th is  suddenly  
s teep  increase , the  tem p era tu re  keeps going up , b u t  w ith  a  sm alle r tem p era tu re  
grad ien t, to  reach  the  coronal tem pera tu re . R a ther th a n  being a  s ta tic  layer, it is
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probably  com posed a t  m any  dynam ic th in  sh e a th s  a ro u n d  th e  cool spicules w hich 
are  con tinua lly  in tru d in g  into corona p lasm a. In add ition  to  sp icu les, B rueckner 
(1980) finds th a t  th e  tra n s itio n  region h a s  superson ic  je ts  and  sm all explosions, 
w hile  h igh  speed  sp ik e s  ex ten d  above m ac ro sp ic u le s . M oreover, th eo re tica l 
co n sid e ra tio n s  (e.g., Hollweg, Ja ck so n , and  Galloway 1982; M ariska a n d  Hollweg 
1985) suggest th a t the  tran sitio n  region ought to be dynam ic. The reason  is th a t  there 
m u s t be a  flux of m echanical energy through  th e  tran s itio n  region, in  order to h ea t 
th e  co ro n a  a n d  drive th e  so la r  w ind. W hatever c a rr ie s  energy  a lso  c a rr ie s  
m om entum , which can  In principle cause  strong m otions of th e  u pper chrom osphere, 
tra n s itio n  region, an d  corona. It is un fo rtuna te  th a t  all theore tical m odels to  date 
a ssu m e tem poral sta tionary , and  often zero velocity as  well.
B ecau se  th is  tra n s it io n  o ccu rs  in  su c h  a  th in  lay e r of th e  en tire  so la r 
atm osphere , it is very difficult to  m easu re  the  physical height boundaries accurately. 
It is  also very h a rd  to  observe th is  region because  its  em ission  lines are  m ainly  in 
EUV an d  c a n  be s tu d ied  only from  satellite  a n d  rocket observations. T h u s  the  
am o u n t of d a ta  available to  da te  is very limited. In teresting  readers  on th is  region, 
including m odels, see Jo rd a n  (1981), Zirker (1977), and  A thay (1976).
1 .3 .4  T h e  C orona
Above the  tran s itio n  region and  extending o u t in to  in te rp lan e ta ry  space is the  
so la r corona, from  th e  Latin  for 'crown'. The several m illion degrees tem pera tu res of 
th is  so la r ou term ost layer h a s  only been  recognized since the  discovery by G rotrian 
an d  by  Edlen some 50 years  ago. This high tem pera tu re  is  responsible for the  great 
ex ten t of th e  corona a s  seen  during a n  eclipse because it produces a  large atm ospheric 
scale height. It also greatly  enhances the therm al conductiv ity  of the  gas, which in
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tu rn  ten d s to  create  a  condition of nearly  uniform  tem pera tu re  over a t least the  quiet 
corona.
E m ittin g  Corona
The light seen  from  th e  w hite light corona consists  m ainly  of th ree  com ponents. 
N um ber one is  called the  K corona (from th e  G erm an  w ord "Kontinuierlich", for 
continuous). It is  the con tinuum  em itted by  the  photosphere an d  scattered  tow ard the  
observer by th e  free coronal electrons (i.e. Thom pson scattering). It is the  dom inant 
com ponent inside approxim ately 2 .3  so la r rad ii and  is highly polarized. The coronal 
e lec tro n s have a  very  h igh  th e rm a l speed  of a b o u t 109 c m /s .  T he sc a tte re d  
F rau n h o fe r ab so rp tio n  lines th e n  do n o t ap p ear b ecau se  th ey  a re  b roadened  to 
several h u n d re d  tim es th e ir  original w id ths an d  are no  longer d istingu ishab le . For 
instance, the  D oppler w idth of the  Ha line is over 100 A by  a  m illion degree electron 
gas. The second  com ponent, F corona (Fraunhofer), a rise s  from  th e  pho tospheric  
light sca tte red  by  relatively heavy, slow m oving in te rp lane ta ry  d u s t an d  does show 
th e  F raunhofer lines w hich give the  nam e to th e  F corona. The absorp tion  lines in 
th e  F co ro n a  a re  very  s im ila r  to  th a t  in  th e  p h o to sp h e re  a n d  it is free of 
polarization. T his is th e  sam e m echan ism  responsib le for th e  zodiacal light and , in  
fact, th e  F corona is som etim es referred  to  a s  th e  "inner zodiacal light”. The th ird  
one, th e  E  corona (Emission), is the  sum  of th e  lines em itted  by  ions of the  coronal 
gas. These lines are em itted  due  to  forb idden  tra n s itio n s  in  highly ionized atom s, 
say, iron. Relative to  th e  electrons, the  therm al m otion of th e  ions is m ore slow and  
the  em ission lines are  also n o t w ashed  out by large D oppler sh ifts  like th a t  of th e  K 
corona. In  add ition  to the  "m ajor th ree”, the  X corona (X-ray) and  R  corona (Radio), 
bo th  em itting via b rem sstrah lu n g  rad iation , con ta in  only a  relative sm all am oun t of 
the  to ta l em itted energy b u t an  appreciable am ount of inform ation.
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D en sity
A nalyses  of th e  c o ro n a l K c o n tin u u m  b r ig h tn e s s  lead  d irec tly  to  th e  
determ ination  of the  coronal e lectron density  d istribu tion . Most of su ch  analyses, 
how ever, have b e e n  b a se d  on  "average" in te n s ity  d a ta  a n d  req u ire  th a t  th e  
d istribu tion  of m a tte r  is  spherically  sym m etric, despite  th e  fact th a t  the  corona is 
know n to be highly s truc tu red .
Tem perature
As seen  above, th e  b lack  body theo ry  is  especially  u se fu l in  de term ining  the  
tem p e ra tu re  of th e  pho to sp h ere . B u t it does requ ire  th a t  th e  te m p e ra tu re s  of 
rad ia tion  and  of th e  p lasm a  be closely coupled by  frequen t atom ic abso rp tions and  
re-em issions (i.e., sm all p ho ton  m ean  free p a th ), over d is ta n c es  th a t  a re  sm all 
com p ared  to  th e  sca le  of th e  te m p e ra tu re  ch an g e  in  th e  a tm o sp h e re . T his 
requirem ent becom es im possible to  defend a t  the  corona. I ts  photon  m ean  free pa th  
is so long th a t  th e  corona could n o t be  a  b lack  body. In  th e  ten u o u s  p lasm as of the  
corona, th e  p lasm a tem p era tu re  becom es com pletely decoupled from  th e  rad ia tion  
field and  th e  rad ia tion  in tensity  falls m any  orders  of m agnitude  below th e  in tensity  
expected of a  P lank ian  (black body) rad ia to r a t th e  high p lasm a tem pera tu re  in  the  
corona.
It is no t precisely correct to use  the  concept of tem pera tu re  to gauge th e  energy 
s ta te  of the  coronal gas. B ecause th e  coronal gas is tra n sp a re n t to a lm ost all of its  
own rad ia tion  an d  is  therefore  no t a  closed system , it is  n o t in  therm odynam ic  
equilibrium . On th e  o th er han d , particle  collisions m ay  still be  frequen t enough to 
yield nearly  M axwellian d istribu tion  for the  partic les an d  th e  concept of tem pera tu re  
is th e n  will-defined. Quite a  few m ethods exist to define th e  coronal tem pera tu re  and  
they  obtain  roughly the  sam e value.
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(1) One m ethod is to  deduce a  tem pera tu re  from  the  hydrostatic  scale height of 
th e  ra d ia l d e n s ity  change, th e  te m p e ra tu re  (average p a rtic le  energy) be ing  
proportional to th is  height. In  the  way d iscussed  above, th e  coronal density  gradient 
m ay be deduced from  observations of the  K corona. (2) Ionization equilibrium  is one 
of th e  long s tand ing  m ethods. It is to  observe the  high degree of ionization of the  
coronal a tom s and  th en  to  calcu late  th e  tem pera tu re  (average electron energy) th a t  
m u s t exist to achieve balance betw een th e  ion p roduction  an d  rem oval m echanism s. 
Illustra tive of th is  h igh ionization is Fe, which is of relatively high abundance . Fe 
exhibits a  wide range in  its  stages of ionizations and  is a n  prolific generator to the  E 
corona. (3) B rightness tem pera tu re  m easu red  a t th e  cen te r of the  so lar disc a t radio 
w aveleng ths provides th e  m o st d irect of all m eth o d s for ob tain ing  th e  coronal 
tem pera tu re . A lthough the  corona is tra n sp a ren t to  visible light, it is opaque to radio 
w aves having  w avelengths g rea te r th a n  ab o u t 2 m ete rs . The e lectron  gas is of 
sufficient density  to  be a  good absorber and  em itter of rad ia tion  in  th is  range. Thus, 
th e  electron gas and  the  rad ia tion  of radio  wave can  be assum ed  to  be a t the  sam e 
tem peratu re . (4) Lastly, a  kinetic tem peratu re  (average therm al speed) can  be obtained 
by m easu ring  the  Doppler w idth of th e  forbidden lines. These m ethods confirm  th a t 
a n  effective coronal tem pera tu re  of 106 K. Even though th is  tem pera tu re  is very high, 
th e  to ta l am o u n t of energy in  th e  co rona  is sm all. H ere th e  average energy of 
individual particle  is large, b u t  the energy density  is low due to  the  extrem ely low 
particle  density.
S tru ctu re
In the  so lar corona, P «  1, so the  coronal s tru c tu re s  are  strongly dom inated by 
th e  m agnetic  field. Seen from  the  X-ray coronal im ages, there  are  regions of two 
d is tin c t types. Those in  w hich the  m agnetic  field is p redom inan tly  open ap p ear 
relatively d a rk  an d  are know n as  coronal holes; here  th e  p lasm a is flowing ou t to
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give th e  so la r w ind. Those in  w hich th e  m agnetic field is  m ain ly  closed consist of 
n u m ero u s  coronal loops. Also, sm all in tense  fea tu res called  X -ray b righ t po in ts are 
spo tted  over the  whole disc. The b righ t po in ts  are  a lm ost certain ly  sm all m agnetic 
loops a t th e  lim it of resolution. The overall shape of the  corona varies w ith the  solar 
cycle: n e a r  su n sp o t m axim um , s tream ers  extend ou t in  a ll directions: n e a r  su nspo t 
m inim um , they  are  p resen t only in  th e  equatorial region a n d  po lar p lum es are seen  
to  fan  o u t from  the  poles. The so lar wind is the  coronal expansion, one integral p a rt 
of th e  so lar a tm osphere w hich can  be stud ied  continuously  an d  in  great detail in  situ  
m easu rem en ts  from  spacecraft. Except for th e  photosphere, the  so lar wind is the  only 
p a rt of th e  so lar a tm osphere in  which the  m agnetic field ca n  be m easured  w ith great 
accuracy.
1 .4  SOLAR MAGNETIC FIELD
The so la r m agnetic field is highly s tru c tu red  an d  p lays a  veiy  im portan t role in 
the  so la r atm osphere.
C onsider f irs t th e  p h o to sp h e ric  a n d  ch ro m o sp h eric  m agnetic  field. In  the  
photosphere , m ost of m agnetic flux is concen trated  into flux tu b es  with d iam eters of 
a  few h u n d red  kilom eters, in  which the  field s treng th s are  estim ated  to be very large: 
(1 - 2) x  103 G, (about 3000  G for sunspots). The regions outside of the  flux tu b es  are 
u su a lly  regarded  a s  field-free (B = 0). M om entum  b a lan ce  tran sv e rse  to  the  field 
req u ires  th a t  th e  m agnetic  p re ssu re s  inside th e  flux tu b e s  be com parable  to the  
in te rn a l p lasm a p ressu res  w hich are  th u s  abou t h a lf  th e  ex te rnal p lasm a p ressu re . 
The field lines in  the  photosphere are  essentially  vertical, b ecause  they  are  buoyed up 
due to  th e  lower p lasm a density  in  th e  flux tube. Since the  external p lasm a p ressu re  
decreases rap id ly  w ith heigh t in  the  pho tosphere  and  ch rom osphere , the  m agnetic 
field is less effectively confined. The flux tu b es  th en  fan  o u t and  lose their individual
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identities. At a  height of only abou t 500 km  or so above th e  pho tosphere , th e  field 
lines n e a r  the  edge of the  flux tu b e  have becom e essen tia lly  horizontal; one m ay 
envision a  "m agnetic canopy". They tu rn  n ea rly  vertica l ag a in  afte r they  in te rac t 
w ith the  extended field lines from neighboring flux tubes.
We have already m entioned in  previous section th a t  th e re  are  dynam ic s tru c tu re s  
s u c h  a s  sp ic u le s , a n d  th erm o d y n am ic  s t ru c tu re s ,  like  th e  n e tw o rk  in  th e  
chrom osphere. The flux tu b es  are concen tra ted  along the  edges of th e  su p erg ran u la r 
cells; th u s  the  correlation with the  spicules an d  the  netw ork. T his Is also  w here one 
finds excess photospheric and  chrom ospheric heating. T his association  is one reason  
for believing th a t  th e  m agnetic  field is  responsib le  for h e a tin g  a n d  for dynam ic 
phenom ena su ch  a s  spicules.
C onsider next th e  coronal field. There a re  two d is tin c t regions, w hich one m ay 
differentiate  from  th e  X -ray coronal im ages: closed field a n d  open  field regions. 
C losed field lines have two w ell-defined p h o to spheric  foo tpo in ts. O bservationally , 
som e se ts  of field lines are  observed to  fill u p  w ith  m ore  coronal p lasm a  th a n  
neighboring field lines, forming coronal p lasm a loops. R oughly speaking, there  are 
th ree  classifications of loops, according to  size: X-ray b righ t po in t of 104 km  or less 
length; active region loops of 105 km  or less length; qu iet coronal region of 106 km  
size.
The quiet coronal regions can  be observed visually  during  eclipse as  the  b rightest 
regions (with the  h ighest electron densities) called helm et s tream ers , which basically 
outline closed m agnetic field, i.e. loop-like m agnetic  field lines w hich re tu rn  to the  
so lar surface after reaching heights of no m ore th a n  ab o u t one so la r rad ius. The first 
two c lasses are observed principally in  X -rays an d  th e  EUV. The active region loops 
are  relative sm all ones w ith the  d en ses t coronal reg ions. T heir d iam eters  are  the
17
order of one ten th  th e ir  lengths, abou t 104 km . The loops obviously outline closed 
m agnetic  field lines, and  th ey  ten d  to  be associated  w ith so lar active regions in  the 
general vicinity of sunspo ts . However, It Is Im portant to  realize th a t  these  loops are 
really  dense p lasm a em bedded in  a  larger scale m agnetic  field of roughly  uniform  
s tren g th ; th is  Is n ecessarily  th e  case  since  in  su c h  a  low p p lasm a  th e re  Is 
Insufficient loop p lasm a p re ssu re  to  ba lance  any  strong  g rad ien t of the  m agnetic 
p ressu re . The X-ray b righ t po in ts ap p ear to  be very sm all loops, or assem blages of 
loops, w hich are  sh o rte r lived th a n  th e  larger active region loops and  w hich exhibit 
tem poral variability  on tim e scales of m inutes.
The active region loops have th e  largest heating  requ irem ents, and  they  pose the 
g rea tes t challenge for the  theorist. Their association  w ith  the  stronger active region 
m agnetic  fields of 50 - 100 G is a n o th e r su b s ta n tia l rea so n  for believing th a t  the 
m agnetic field is essential. And the  loop-like m orphology of the  X-ray corona is one 
of th e  p rincip le  reaso n s  for regard ing  s tru c tu re  a s  a n  ing red ien t in  th e  heating  
process.
The open field regions are  d a rk e r regions (with lower electron densities) on the 
coronal im ages. The open field lines extend outw ard in to  th e  so lar wind. They appear 
to  be  associated  with coronal holes, which are know n to be  source of h igh-speed solar 
w ind s tream s. It is suspected  th a t  som e open field lines also  orig inate from  other 
regions of the  sun , such  a s  active regions or even su n sp o ts , b u t  th is  is no t known for 
su re . The electron densities here are presum ably  lower b ecause  there  is a  continual 
loss of p lasm a into the wind. The X-ray bright po in ts c a n  also  appear in  the  coronal 
holes, a n d  they  th en  appear to  be associated  w ith coronal p lum es w hich are rays of 
denser p lasm a extending into the  so lar wind. The m agnetic field streng th  in  the  open 
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of th e  pho tosphere  an d  chrom osphere are  n o t to  scale. (Priest 1982)
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Fig. 1.2. Plots of tem p era tu re  (solid line) an d  d en sity  (dashed) from a model of 
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Fig. 1.3. A n illustrative m odel for th e  varia tion  of th e  tem pera tu re  w ith height 
in  th e  so lar a tm osphere (Athay 1976).
CHAPTER2
HEATING OF THE SOLAR CORONA: 
AN OVERVIEW
The so la r  ch rom osphere  a n d  corona are  h ea ted  m echan ically . The energy 
requ irem en ts of the  chrom osphere and  corona are  roughly com parable (this will be 
d iscu ssed  in  detail below), b u t one u sua lly  sp eak s of "the so la r coronal heating  
problem ", p resum ab ly  because  of the  spectacu larly  high tem p era tu re s  there; it is 
probably  a  m istake  to  conceptually  separa te  the  chrom osphere and  coronal heating 
problem s (keep in  m ind  th a t  th ere  is a  so la r w ind hea ting  problem  needed to be 
tak en  care as  well), b u t  I will follow trad ition  and  do so here.
2 .1  HISTORICAL INTRODUCTION
We owe the  discovery of th e  corona and  chrom osphere to the rem arkably  exact 
coincidence in  angu lar diam eters of the  s u n  and  m oon as  seen  from E arth , and  early 
s tud ies  of these  phenom ena relied entirely on  observations during  eclipses. Since the 
eclipse of the  year 1842, m ost accessible to ta l eclipses have been  observed and  the 
co rona  becam e th e  su b jec t of se rio u s  scientific re sea rch . The eclipse observers 
e s tab lish ed  th e  b asic  n a tu re  of coronal s tru c tu re  a n d  th e  n a tu re  of the  coronal 
spectrum . B oth aspec ts  of th e  corona p resen ted  serious challenges th a t  rem ained 
unresolved for m any  years. The large coronal density  scale heigh ts noted on  eclipse 
p lates  w as a  puzzle for it w as widely believed th a t the coronal tem pera tu re  could not 
possibly exceed 6000  K which is the  effective (black-body) tem pera tu re  of th e  sun. 
Also, the  several coronal em ission lines th a t  were know n in the  v isual spectrum
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defied identification. For a  while these  were a ttribu ted  to  a  new elem ent "coronium," 
b u t  a s  laborato ry  w orkers filled out th e  periodic tab le  of e lem ents no room w as left 
for su ch  an  elem ent. Given the  entirely reasonable therm odynam ic and  spectroscopic 
prem ises of the  tim e, it w as c lear th a t  the  corona is physically  impossible.
M ajor b reak -th roughs th a t  eventually led to a  successfu l explanation of bo th  the 
coronal spectrum  an d  th e  rad ial extent of the  corona began  n e a r  1930. By th a t tim e it 
w as recognized th a t  the  K an d  F  con tinua  were physically d istinct. Both were believed 
to  arise from  sca tte red  photospheric  light, and  they  h a d  been  a ttrib u ted  correctly to 
scattering  by  electrons in  th e  so lar a tm osphere and  to  scattering  by d u s t particles in 
in te rp lane ta ry  space. W alter G ro trian  of Postdam  had  long held  the  u n p o p u lar view 
th a t  th e  corona w as ra th e r  hot. At a n  eclipse In 1929, G ro trian  claim ed to  have 
observed the  H an d  K lines of Ca II superposed  in  th e  K-corona as  b road  shallow  
absorp tion  lines. In  1931, he proposed a s  an  explanation  th a t  the  lines, and  th e  K- 
co n tin u u m , w ere sca tte red  by  e lectrons w hose m ean  velocity w as 7 .5  x  108 c m /s  
(which is a  factor of 14 above th e  m ean  electron velocity a t a  tem pera tu re  of 6000 K), 
and  he ra ised  th e  question  a s  to w hether the  velocities m ight be  therm al.
As is  so often the  case in  astrophysics, developm ents in  one a rea  of research  are 
boosted  by those  in  a n o th e r  a rea , often seem ingly rem ote. S tu d ies  of novae in  the  
la te  1920s led to the  discovery of forbidden lines of m ultip ly  ionized a tom s in  the 
sp e c tra  of th ese  objects. Five of the  lines p resen t in  th e  coronal sp ec tru m  were 
observed in  th e  sp e c tru m  of R. S. O phiuchi, a  re c u rre n t nova, du ring  its  1933 
b righ ten ing . Following th is  discovery, G ro trian  su g g ested  th a t  the  coronal lines 
m ight also  be forbidden lines of m ultiply ionized elem ents, an d  he pointed ou t in  a 
sh o rt no te  (1939) th a t  th e  existence of coronal lines in  h igh excitation objects as 
ord inary  and  recu rren t novae implied th a t  these  lines arise  u n d e r conditions of high
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tem perature . Even better, h e  showed th a t  there  w as an  a lm ost exact correspondence 
betw een the  wavelength of the  red coronal line a t 6374 A a n d  th a t  derived from the  
separa tion  of th e  levels of different J-v a lu es  In the  ground sta te  of Fe X In laboratory 
spectra  by  the  Sw edish sc ien tist, B. Edlen. G rotrian  also identified th e  strong  line a t 
7892 A (Fe XI). S purred  by  G ro trian 's  success. Edlen (1942) searched  for fu rth e r  
co incidences a n d  th e n  proceeded  to identify 17 o th e r coronal lines, all due to 
forbidden tra n s itio n s  in  highly ionized atom s, m ostly iron, nickel, and  calcium . The 
presence of these  ions unequivocally required a  high tem pera tu re  of several h u nd red  
th o u sa n d  degrees o r m ore. The only escape from  th is  su rp ris in g  conclusion would 
involve a fla t den ia l of th o se  iden tifica tions. Since b o th  G ro trian  a n d  E dlen  
p ub lished  in  G erm an  Jou rna ls  during  th e  w ar, th e  inform ation  w as carried  ou t of 
E u rope  inform ally  an d  n o t widely know n u n til a fte r W orld W ar II. A dditional 
evidence for very high tem pera tu res  cam e from the  su rp ris ing  w idth of the  coronal 
forb idden  lines firs t m easu red  by  B. Lyot. The Lyot-coronagraph w as firs t u sed  
successfully  in  1932 to observe the  corona outside of eclipse. Lyot soon showed th a t  
th e  coronal lines were b road  even though  they were relatively faint. The green lines 
a t  5303 A (Fe XIV) w as show n consisten tly  to have a  w idth  of 0 .9  A. Lyot suggested  
th a t  th e  w idth w as due to  therm al m otions, b u t  w as unab le  to derive a  tem pera tu re  
because  the  lines were still unidentified a t the  tim e.
O nce th e  coronal lines w ere successfu lly  identified  th e  evidence for a  high 
tem pera tu re  corona w as overwhelming and  several pieces of the  puzzle soon  fell into 
place. Fe XTV, w hich produced the  strongest coronal lines, could not exist w ithout a 
very high tem peratu re . The high tem perature , in  tu rn , im m ediately accounted for, in 
a  crude way, the  w idths of the  coronal lines, the  high velocity of electrons, and  the 
large lateral extent of the  corona. This successful, if som ew hat crude, explanation for 
several ou tstand ing  coronal problem s h a s  w ithstood the  te s t  of time.
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The b asic  p rob lem  posed  by  th is  ra th e r  am azing  discovery is  to  find  the  
m echan ism  responsib le  for heating  th ese  layers by  n o n -th e rm a l energy tran sp o rt, 
su ch  a s  w aves o r electric cu rren ts . H eating by rad ia tion , convection, or conduction 
from  th e  cooler photosphere  is ruled out by  the  second law  of therm odynam ics.
High tem pera tu re  in  th e  corona greatly enhances th e  therm al conductivity of the 
p lasm a, w hich in  tu rn  te n d s  to cau se  a  nearly  uniform  high  tem p era tu re  over the  
corona. T h u s it  is really h a rd  to  tell w here heating  occurs in  th e  corona because  very 
high therm al conductivity  sm ears h ea t o u t quickly.
2 .2  TH E MODELS
There are basically  two types of coronal heating  m odels, w hich are m otivated by 
a  variety  of observations.
(1) M odels w hich invoke MHD waves generated  by  th e  convective m otions are 
m otivated  by observations of th e  ub iq u ito u s  p resence of Alfven waves in  the  solar 
w ind. There is evidence (section 2.4.3) th a t  these  waves h e a t an d  accelerate the  solar 
w ind p ro tons an d  heavy ions. The so la r w ind th u s  provides one exam ple of wave 
heating . W aves have th e  advantage of being  able to  h e a t  th e  chrom osphere  and  
pho tospheric  m agnetic  flux tu b es  on th e ir  way to  th e  corona. MHD tu rb u len ce  (as 
observed  in  th e  so la r wind) o r reso n an ce  ab so rp tio n  seem  to provide adequate  
d issipation  m echanism s. The la tte r is th e  m ajor com ponent of th is  thesis. A problem  
w ith  wave theory  is th a t  th e  w aves ten d  to  be reflected by  th e  steep Alfven speed 
g rad ien t in  the  chrom osphere an d  tran sition  region, b u t  it is  estim ated th a t  adequate 
energy  fluxes c a n  e n te r  th e  open corona, or closed coronal loops if global loop 
resonances can  be excited. Short coronal loops (L < 104 km) can  also receive adequate
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wave energy fluxes even If the  loop resonances are  n o t excited, b u t a  problem  exists 
w ith getting enough energy into in term ediate length loops (L = 104 - 5 x  104 km) since 
th e ir  reso n an t frequencies are possibly too high to be  excited.
(2) Models which invoke the  g radua l bu ildup  of coronal m agnetic  energy due to 
ran d o m  w alks of th e  pho tospheric  flux tu b es , and  th e  su b seq u e n t release of th a t 
energy via c u rre n t sh ee t form ation and  reconnection, are suppo rted  by observations 
in d ica tin g  th a t  localized im pulsive h ea tin g  a n d  dynam ic ev en ts  o ccu r in  th e  
tra n s it io n  reg io n  a n d  corona. (Most recen tly , th e  ab ility  of providing enough 
requ ired  energy an d  the  locations of those  im pulsive events have been  questioned by 
som e fu rth e r  an a ly ses  from  Dere et al. (1989, 1991) a n d  from  H abbal an d  Grace 
(1991). Notice th a t  ju s t  som e of these  researchers ' p a s t observational re su lts  partly  
form ed th e  b a se  of so-called nanoflare  m odels.) T hese m odels canno t explain the 
ch rom ospheric  h ea tin g  or th e  coronal h ea tin g  on open  field lines. They requ ire  
su b s ta n tia l ran d o m  w alks of th e  pho tospheric  footpoints, w hich still need  to be 
observationally  verified.
A th ird  p o ssib ility , w h ich  h a s  n o t b e e n  s tu d ie d  in  d e ta il, is  th a t  th e  
chrom ospheric an d  coronal heating  is associated  w ith em ergence and  cancellation of 
m agnetic flux.
However, th ere  is no "sm oking gun" supporting  any  of the  theories w hich have 
been  advanced. Part of th e  problem  is th a t  v irtually  every theory  involves dynam ics 
a t sp a tia l sca les w hich are too sm all to  be observed, a n d  a  tim e-varying m agnetic 
field w hich is difficult to  observe anyw here, an d  there  is th u s  ra th e r  little definitive 
d a ta  to  guide the  theo rist o r te s t  a  model. T hus the  k ind  of m odel one likes depends 
in  p a rt on which da ta  one looks at.
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No m atte r  which model, two key questions have to  be answ ered:
1. How does energy get into the  chrom osphere an d  corona?
2. How does it d issipate a t  sm all spatia l scales?
2 .3  ENERGY REQUIREM ENTS
There are  th ree  p rim ary  energy lo sses in  the  so la r  corona. It loses energy by 
rad ia tio n  from  th e  large volum e occup ied  by th e  co ro n a l p lasm a, by  th erm al 
conduction  to  th e  lower a tm osphere  (where the  conducted  energy is rad ia ted  away, 
pa rticu la rly  in  th e  th in  tra n s itio n  region), a n d  by m a s s  flowing outw ard  as  so lar 
w ind. Any theory  of heating  of the  so la r a tm osphere m u s t account for the  following 
observed energy flux densities due to these  th ree  losses, in  e rg /cm 2/ s  (Withbroe and
Noyes 1977, Avrett 1985):
quiet corona: => 3 x  105
coronal hole w ith h igh-speed wind: = 8 x  105
chrom osphere: = 4 x  106
spicules: =• few x  106
active region loops: = 107
Note th a t  th e  chrom osphere, sp icu les,and  h igh-speed  so la r w ind require nearly 
a s  m u ch  energy as  th e  active region loops. From  th e  s ta n d p o in t of th e  energy, the  
coronal heating  problem  shou ld  no t be Isolated. Note also th a t  the  chrom osphere is 
only som e 2000 km  th ick , so  th e  average volum etric h ea tin g  ra te  th e n  is abou t 2 x  
10 '2 erg /cm 3/s ,  com pared to  abou t 10 '3 erg /c m 3/ s  in  active region loops.
2 .4  WAVE HEATING
In th is  thesis , we explore th e  point of view th a t  th e  heating  and  acceleration of 
th e  so la r w ind, corona, an d  chrom osphere  m ay  all be  due  to  the  sam e physical
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processes. All th ree  regions requ ire  heating , w ith roughly  com parable energy flux 
densities . We regard  th e  so la r w ind a s  one specific exam ple of w hat Is generally 
occurring In the  so lar atm osphere.
2 .4 .1  W hy W aves
The coronal, so lar wind, an d  chrom ospheric losses m u s t all be balanced  by the 
d iss ip a tio n  of som e upw ards energy flux. All chrom ospheric  an d  coronal heating  
theo ries  assum e th a t  the  energy flux orig inates from  th e  convective m otions In the  
so la r  conven tion  zone. The convective m otions do w ork , e ith e r d irectly  on the  
overlying stab le  a tm osphere , o r on th e  m agnetic  flux tu b es . In m any  s tud ies , the 
view point is tak e n  th a t  th e  convective m otions lau n c h  upw ard-propagating  waves, 
w hich carry  th e  energy to  th e  overlying chrom osphere an d  corona. This will serve as 
th e  fundam en ta l viewpoint of th is  thesis . A part from  th e  obvious fact th a t  waves can  
carry  energy, there  are  two reasons for concentrating on  waves. One Is th a t  outw ard- 
propagating  w aves are observed In the  so lar wind, an d  th ey  m ay be responsib le  for 
heating  and  accelerating the  wind; m ore on th is  In section  2.4.3. The second reason  
is a s  follows: Since th e  heating  of the  so lar a tm osphere is m echanical, there  m u s t be 
m otions. B u t it tu rn s  ou t th a t  v irtually  all m otions In  th e  so lar a tm osphere  obey 
som e so rt of wave equation, an d  In th is  sense  it c a n  be sa id  th a t v irtually  all coronal 
hea ting  theo ries are  wave theories. Moreover, it is know n from  D oppler-broadening 
of sp ec tra l lines th a t  there  are  ra th e r  vigorous m otions in  the  so lar chrom osphere 
a n d  corona. T hese m otions m ay  Indeed be  waves. In  fac t, th e  observed m otions 
provide a  m ajor constra in t on  any theoretical m odels w hich  invoke waves.
2 .4 .2  S h o c k  H ea tin g  - a n  Old S c e n a r io
It w as B ierm ann (1946) an d  Schw aizschild (1948) who first suggested the  varying 
p re ssu re  field in  the  convection zone generated  sou n d  w aves which steepened  th en
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into shock  waves as  they  travel upw ards, giving global heating  (because the  shocks 
p ropagate  th ro u g h  th e  en tire  atm osphere). U ntil th e  early  1970s, th is  w as long 
thought to be the  case.
D irect evidence v ia th e  O rbiting S o lar O bservato ry  (OSO) 8 sa te llite , from  
observations of so lar oscillations in  the  m iddle chrom osphere, h a s  show n th a t only 
th e  low chrom osphere  m ay  be h ea ted  by  acoustic  waves, an d  the  estim ated energy 
flux in  sound  waves of abou t 1 x  104 erg /cm 2/ s  is m uch  below the  h ea t inpu t needed 
for th e  u p p e r chrom osphere an d  corona. (Athay an d  W hite 1978, 1979). Mein and 
Schm ieder (1981) have sum m arized o ther observations. At th e  tem peratu re  m inim um  
a  5 -m in  w ave-tra in  is observed, w ith  possib ly  enough  energy to h e a t the  low 
chrom osphere; b u t, by the  tim e the  u pper chrom osphere is reached, its flux h as  been 
quickly reduced and  its coherence destroyed.
S hock  h ea ting  is p robab ly  ru led  o u t also  b ecau se  th e  observed non therm al 
m otions are sm all com pared to  the  Alfven speeds in  the  u p p e r atm osphere, implying 
w eak shock  w ith sm all entropy ju m p s, and  because  th e  shocks propagate rapidly so 
th a t  th e ir  heating is sp read  o u t over veiy large volum es an d  sm all s tru c tu re s  such  as 
the  active region loops can  th e n  no t be explained. T h u s th e  heating is now envisioned 
a s  being  ra th e r  local, an d  in  som e cases  it becom es n ecessa ry  to  devise ways to 
sp read  the  heat out.
H eating of th e  u p p er chrom osphere an d  corona is  therefore probably m agnetic 
in  na tu re . We will find out la te r  th a t  the  m agnetic waves, su c h  as  MHD surface waves, 
appear to  be a viable heating m echanism .
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2 .4 .3  W ave E v id e n c e s  fro m  S o la r  W ind O b se r v a tio n s
Over th e  years, a  num ber of pieces of evidence have been  assem bled in  support of 
th e  view point of th a t  the  high speed  so lar w ind derives i ts  energy principally  from 
MHD w aves of so lar origin. Here is a  brief recap itu la tion  [see also reviews by B arnes 
(1979,1981,1983); and  Hollweg (1978, 1981)1:
1. M odels w ithou t w aves (e.g. H artle  a n d  S tu rro c k  1968) p red ic t p ro ton  
tem p era tu res  w hich are  m u ch  colder th a n  observed. So p ro tons m u st be  heated . And 
th e  heating  m u s t occur beyond the  Parker critical point; otherw ise the  added energy 
goes m ain ly  in to  in creasin g  th e  m a ss  flux ra th e r  th a n  in to  ra is in g  th e  p ro ton  
tem p era tu re . MHD w aves w ould  ap p e a r  to  be  c a n d id a te s  for pro ton , ra th e r  th a n  
electron, heating. The heating  can  occur via a  L an d au /tran s it- tim e  resonance (see the 
reviews by  B arnes m entioned  above), or via a  cyclotron resonance  if th e  wave energy 
ca n  tu rb u len tly  cascade to high frequencies. There is also evidence th a t  som e of the  
hea ting  occurs in  in te rp lan e ta ry  space, since Helios m easu rem en ts  beyond 0 .3  AU 
indicate  th a t  p ro ton  tem pera tu re . Tp falls off w ith increasing  heliocentric d istance a t 
a  ra te  w hich is slower th a n  adiabatic.
2. M odels w ithout w aves yield slow flow speeds a t 1AU, « 250 k m /s , com pared 
w ith  h igh  speed  flows of som e 750 k m /s . Som e e x tra  acce lera tion  seem s to  be 
required . The ponderom otive force (wave p ressure) a ssoc ia ted  w ith MHD waves h a s  
long been  a  cand ida te  in  th is  regard  (Alazraki an d  C o u tu rie r  1971; B elcher 1971; 
Hollweg 1973, 1978; J a c q u e s  1977, 1978). The ponderom otive force m u s t w ork 
p rim arily  beyond th e  critica l po in t, o therw ise th e  added  energy goes m ain ly  into 
enhancing  the  so lar wind m ass  flux.
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3. Heavy ions (such a s  Helium  nuclei, He++) are observed a t 1 AU to be h o tte r 
th a n  protons, roughly in  proportion to  the ir m asses,
Tj/Tp => m j/m p (2.1)
("i" ind icates a  heavy ion). Some heating  h a s  obviously occurred: some ions are even 
ho tte r th a n  nom inal coronal tem pera tu res of (1-2) x  106 K.
4. Heavy ions ten d  to flow faster th a n  th e  protons, by roughly the  Alfven speed,
V i - V p = vA (2.2)
The a p p earan ce  of vA strong ly  su g g e s ts  a  w ave-partic le  in te rac tio n . However, 
observations (2.1) and  (2.2) a re  really  n o t understood  In detail (see th e  review by 
Isenberg 1983). For a  review of the behavior of He++ see N eugebauer (1981).
5. Of course  the  m ost significant evidence in  favor heating  and  acceleration by 
MHD w aves is th e  direct observation of Alfven waves in  th e  so la r w ind, beginning 
with the classic p aper by Belcher and  Davis (1971). The waves have a  strong tendency 
to propagate outw ard from the  su n , in  the  sense  th a t  the  tim e-averaged Poynting flux, 
a s  m easu red  in  the  p lasm a fram e, is aligned along the  in te rp lane ta ry  m agnetic field 
in  th e  outw ard sense. This suggests a  so lar source (see also point 7 below).
6. The so la r wind is full of ro ta tional d iscon tinu ities  (RD) (N eugebauer e t al. 
1984), w hich ca n  be though t of a s  sha rp -c rested  Alfven waves. It is likely th a t  the  
RD's have nonlinearly  developed from  the  Alfven w aves (Cohen an d  K ulsrud 1974). 
T his m ay imply th a t  the  heating  of the  so la r w ind is non linear. One possib ility  is
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th a t  sh o ck s  are  form ed along w ith  the  ro ta tio n a l d isco n tin u itie s ; shocks a re  of 
course candidates for p lasm a heating (e.g. Hollweg 1982b).
7. Inside 0 .3  AU th e re  a re  no  in  s itu  da ta . However, som e proxy d a ta  are  
c o n sis ten t w ith th e  p resence of Alfven w aves in  the  corona. The m ost im portan t 
evidence com es from  observations of f lu c tu a tio n s  in  th e  F arad ay  ro ta tio n  of the  
Helios rad io  s igna ls  observed n e a r  su p e rio r  con junc tion . The d a ta  suggest the  
presence of coronal m agnetic field fluc tuations in  r  « 2 to 10 so la r radii. Moreover, 
th e  d a ta  are  consisten t w ith the  presence of Alfven w aves w ith sufficient energy to 
drive h igh  speed  so la r w ind s tream s (Hollweg et al. 1982). O ther proxy d a ta  (e.g. 
A rm strong an d  Woo 1981; W ithbroe et al. 1985) indicate th e  presence of large velocity 
fluctuations close to  the  su n , which m ay (or m ay not) be MHD waves.
8. The la s t piece of evidence is indirect. Solar w ind m odels w hich incorporate 
th e  ponderom otive force a n d  non linear d iss ipa tion  of Alfven w aves seem  to yield 
reasonab ly  good agreem ent w ith th e  d a ta . In  p a rticu la r, th e  positive correla tion  
betw een Tp an d  V a t  1AU seem s to  resu lts  a s  a  n a tu ra l consequence of varying only 
th e  Alfven wave flux a t the  s u n  (Hollweg 1978).
T h u s we tend  to  the  conclusion th a t  th e  s u n  can  rad ia te  energetically in teresting 
fluxes of Alfven w aves w hich can  d issipate  thereby  heating  the  so la r wind, and  also 
accelerate the  wind directly via th e  ponderom otive force, b u t  it is n o t know n w hether 
th e  waves originate from th e  convective m otions, o r w hether th ey  are  th e  rem nan t of 
reconnection  events occurring som ew here above th e  convection zone. In  any event, 
th e  p resence of w aves in  th e  so la r w ind suggests  fu rth e r  developm ent of the  wave 
h ea tin g  theo ries . In  m ost th e  rem ain d er of th is  th e s is  we will explore w hether 
Alfven(ic surface) waves can  hea t the  so lar u pper atm osphere as  well, a s  we expected.
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2 .4 .4  S lo w  M ode. F a s t  M od e, a n d  Alfvfen M ode  
Slow  Mode
In th e  corona and  u pper chrom osphere, the  p lasm a Is low-beta and  we have
(va and  ya. are the  sound  and  Alfven speed). The MHD slow m ode can  th en  be thought 
of a s  sound  waves w hich a re  guided by  the  essen tia lly  rigid m agnetic field an d  the  
sm all group velocity m ean s they  can n o t supp ly  th e  coronal energy requirem ent. The 
slow wave energy flux density  is
w here p is p lasm a density  an d  <SV2> deno tes th e  non therm al velocity variance. Now 
In th e  chrom osphere an d  corona th e re  a re  d a ta  of D oppler b roaden ing  of spectral 
lines from  which <5V2> c a n  be determ ined (e.g., Canfield and  Beckers 1975). W hen 
th ese  d a ta  a re  used  in  (2.4) we th e n  find slow  w aves can n o t afford th e  requ ired  
energies. Therefore, we will n o t consider them  fu rther.
Fast Mode
The fast m ode's group velocity In p rincip le  is adeq u ate  to  supply  the  required  
energ ies, b u t  th ey  te n d  to  b e  to ta lly  in te rn a lly  reflec ted  som ew here in  th e  
chrom osphere, and evanescent in  the  corona. To see th is  w rite a  low-beta d ispersion 
re la tion  approxim ately as
vs2 «  vA2 (2.3)
Fs = p  <SV2> v s (2.4)
kv2 = CfrfyvA2 - kh2 (2.5)
w here w is a n g u la r  frequency , a n d  kv an d  kh a re  th e  vertica l a n d  horizon tal 
w avenum bers. In  the corona and  u pper chrom osphere, va is  large, and  kh is expected
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to be large If the  horizontal spa tia l scale Is associated  w ith th e  d istance betw een the 
m agnetic flux tubes. The re su lt is th a t  for th e  reasonable values of to, kv2 < 0  In the  
corona an d  u pper chrom osphere, implying evanescence there . However, it m u s t be 
rem em bered th a t  equation (2.5) is applied to a  uniform  m edium  so th a t  the  argum ent 
here does no t ru le out entirely the  fast mode for a  s tru c tu red  upper atm osphere.
Alfvdn Mode
The rem aining mode is th e  Alfven mode. It is n o t totally  reflected, and  its  group 
velocity is along 3 ,  providing a  n a tu ra l associa tion  betw een enhanced  heating  and  
the  m agnetic field. Its  energy flux density  is along the  m agnetic field:
FA = p<SV2>vA (2.6)
For instance, in  active region loop the  typical num bers are: p = 5 x  10"15 g /c m 3, B = 
50 G, and  <8V2> = 2 x  (30 k m /s)2 allowing for two degrees of freedom. Then, vA = 
2000 k m /s  an d  FA = 1.8 x  107 e rg /c m 2 /s .  T hus if th e  observed coronal non therm al 
velocities are  indeed Alfven waves (or the  closely rela ted  Alfvenic surface waves), the  
energy flux densities are  adequate  to supply  the  active region loops. At the  base  of a 
coronal hole we take  B = 6 G an d  p = 3 .3  x  1 0 '16 g /c m 3 , giving FA = 5.5 x  105 
e rg /c m 2 / s ,  w hich is  only slightly lower th a n  the  requ irem en ts  for a  coronal hole 
w ith a  high speed so lar wind flow.
The above d iscussion  is for a  uniform  m edium . W aves on  the  active region loops, 
w hich requ ire  the  m ost energy, are  conveniently  th o u g h t of in  te rm s of su rface  
waves. The essen tia l physics of a  surface wave, an d  the  phenom enon of resonance 
absorption, will be d iscussed  below.
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2 .4 .5  W hy S u r fa c e  M od e a n d  W hy R e so n a n c e  A b so r p tio n
In  coronal X-ray p ictu res one sees a n  abundance of b rig h t loop s tru c tu re s  which 
apparen tly  outline th e  m agnetic  field. O bservations of a  s tru c tu re d  corona (loops and  
b righ t points) have led to  a n  in te re s t in  MHD su rface  w aves. Surface w aves are  
p articu la rly  in te resting  b e cau se  th e  energy is guided along th e  surface. Since the  
su rface  is generally  organized by  th e  m agnetic  field, su rface  w aves can  propagate 
energy along th e  field; in  th is  respec t they  are s im ilar to  th e  u su a l Alfven mode. A 
nice fea tu re  ab o u t su rface  w aves is th a t  they  can  d issipa te  efficiently by  a  process 
called resonance  absorp tion . R esonance absorp tion  occurs w hen  the  surface waves 
are n o t supported  by a  tru ly  d iscon tinuous surface, b u t  ra th e r  by a  th in  "transition  
layer" w ith fin ite sp a tia l s tru c tu re . The linearized ideal (i.e., d issipationless) MHD 
equations  p o ssess  a  s ingu larity  a t  som e "resonant" m agnetic  field line w ith in  the  
t ra n s it io n  layer. R eso n an ce  a b so rp tio n  of MHD su rfa c e  w aves h a s  b een  of 
considerab le  in te re s t in  coronal hea ting  s tu d ie s  since th e  idea w as in troduced  by 
Ionson (1978). It p resen ts  a  m echan ism  for converting surface wave energy into heat, 
if  th e  su rface  w aves a re  p resu m e d  to  be su p p o rte d  by  th in  tra n s itio n  layers 
su rround ing  coronal loops.
CHAPTER 3
RESONANCE ABSORPTION OF MHD SURFACE WAVES 
FOR AN INCOMPRESSIBLE FLUID: 
A HARMONIC OSCILLATOR MODEL
In  th e  n a tu re  an d  in  th e  laborato ry , MHD w aves p ropaga te  in  nonunifo rm  
m edia. In  som e s itu a tio n s  th e  spa tia l varia tions are  very  rap id , an d  m uch  ca n  be 
learned  by representing  the background by  one or m ore d iscrete  discontinuities, with 
uniform  m edia  on b o th  sides of any  d iscontinuity . New wave m odes th e n  becom e 
available to  th e  p lasm a. T hese are  u sua lly  designated  "surface m odes" or "surface 
waves", b u t  In each  uniform  region betw een th e  d isco n tin u itie s  the  m otions can  
alw ays be rep resen ted  as  com binations of the  u su a l fa s t, slow an d  Alfven m odes 
w hich occur in  hom ogeneous m edia. N evertheless, th e  su rface  m odes frequently  
acqu ire  d istinc t p roperties w hich a re  in te resting  in  th e ir  ow n righ t. See R oberts 
(1986) for a  review of solar applications, Southwood and  H ughes (1983) and  Kivelson 
an d  Southw ood (1986) for reviews of m agneto spheric  ap p lica tio n s , a n d  Hollweg 
(1982a) for possible so lar w ind applications.
Of co u rse , in  rea lity  one never h a s  tru e  d isc o n tin u itie s . If th e  sp a tia l 
inhom ogeneities are  sm ooth  ra th e r  th a n  d iscon tinuous, th e n  a  new  phenom enon  
called "resonance absorption" appears. R esonance ab so rp tio n  h a s  been  applied in  
som e o ther fields for quite a  while. I will no t a ttem p t to  review th e  en tire  sub jec t 
here, b u t  brief m ention of some of the  landm ark  papers shou ld  be m ade.
3 .1  A  BR IEF REVIEW
A bout a  q u a r te r  of c e n tu ry  ago, M cPherson  a n d  P rldm ore-B row n (1966) 
p resen ted  one of th e  early p ap ers  reporting experim ental re su lts  which confirmed the 
basic  concep ts of the  theory  of low frequency wave p ropagation  and  dam ping In an  
inhom ogeneous p lasm a. B ased  In p a r t  on  a  s tu d y  by  Prldm ore-B row n (1966) of 
Alfven waves, Uberoi (1972) po in ted  ou t th e  im possib ility  of a  no rm al m ode in  a 
inhom ogeneous sy stem  w ith  no  d iss ip a tio n . T he o b se rv a tio n  of su rface  wave 
dam ping by resonance absorp tion  in  th e  laboratory (G rossm ann et al. 1973) provided 
significant im petu s  to  fu rth e r  theo re tica l developm ent. G rossm ann  an d  T ataron is  
(1973), H asegaw a and  C hen (1974,1975,1976), T a taron is  (1975) and  T ataron is and  
G rossm ann (1973) considered resonance absorp tion  as  a  possible heating m echanism  
for fusion  p lasm as. H asegawa an d  C hen (1976) considered  also th e  possibility th a t 
th e  th ick n ess  of the  energy-containing layer could be on  th e  o rder of the  ion gyro- 
rad iu s; in  th a t  case th e  su rface wave drives a  "kinetic Alfven wave" in  th e  energy- 
con ta in ing  layer.
L anzerotti et al. (1973) no ted  observational evidence for dam ped MHD surface 
w aves a t th e  p lasm apause in  the  ea rth 's  m agnetosphere, an d  they  proposed resonance 
a b so rp tio n  a s  th e  dam ping  m ech an ism . Sou thw ood  (1974) provided a  sim ple 
descrip tion of the  MHD behavior n e a r  a  resonan t field line, an d  applied h is model to 
m agnetospheric  m icropulsations. These ideas have b een  extensively developed (e.g., 
C hen  an d  Hasegaw a 1974a,b; In h es te r  1986; Kivelson a n d  Southw ood 1986 and  
Southw ood an d  Kivelson 1986), a n d  a n  excellent review  of the  m agnetospheric  
app lications of MHD surface w aves h a s  been  w ritten  by  Southw ood and  H ughes 
(1983). Sm ith  e t al. (1986) have suggested  th a t  Alfven resonance  abso rp tion  could 
play a  role in  m agnetospheric substo rm s.
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3 .2  IONSON'S WORK
Following ea rlie r w ork  in  o th e r  co n tex ts  (see re fe ren ces  m entioned  above), 
Ionson (1978) w as the  first to proposed resonance abso rp tion  of MHD surface waves 
a s  a  m eans of heating  th e  so la r corona. He suggested  th a t  5-m in oscillations in  the  
lower a tm osphere shake  the  footpoints of a  loop an d  cause  Alfvenic surface waves to 
propagate upw ards along the  su rface of the  loop. They in  tu rn  couple to the  kinetic 
Alfven waves, w hich d issipate  in  a n  extrem ely th in  sh e a th . Theoretically, resonance 
absorp tion  occurs w hen  the  surface waves are n o t suppo rted  by a  tru ly  d iscontinuous 
su rface, b u t ra th e r  by a  th in  " tran sitio n  layer" w ith  finite sp a tia l s tru c tu re . The 
linearized ideal (i.e., d issipation less) MHD equations p o ssess  a  singularity  a t some 
"resonant" m agnetic field line w ith in  the  tran s itio n  layer. By studying  som e special 
cases, Ionson found th a t  one of the  consequences of th e  singularity  is the appearance 
of a  pole in  th e  com plex frequency plane. The pole lies off th e  real frequency axis, 
w ith a  sign implying tem poral decay of the  surface w aces. He in terpreted  the  pole in 
te rm s of the  decay ra te  of a norm al m ode, a n d  th u s  u se d  the  pole to give a  direct 
m easu re  of the  p lasm a heating. However, Lee (1980) argued  th a t  there  is no p lasm a 
hea ting  in  th e  d issipa tion less system  s tu d ied  by Ionson, an d  he show ed th a t  the  
conflict a rises because there  are  in  fact no norm al m odes in  th a t  case.
3 .3  LEE AND RO BERTS' INTERPRETATION
Lee and  R oberts (1986) s tud ied  th e  ac tu a l flow of energy in  the d issipation less 
system , an d  th e reb y  e luc idated  th e  m ean ing  of th e  afo rem en tioned  pole. They 
considered  a n  in itia l value problem  w hich basica lly  s ta r ts  w ith  a  s tand ing  MHD 
surface wave in  a n  ideal incom pressib le fluid. The tra n s itio n  layer w as a ssu m ed  to 
be th in , su ch  th a t  ka  «  1 (k is th e  w avenum ber a n d  "a” is the  th ickness of the
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tran sitio n  layer). Lee an d  R oberts showed th a t  energy does indeed flow out of the 
su rface  wave, an d  a t long tim es a p p ears  a s  th e  k inetic  an d  m agnetic  energy 
associated  with slow-mode w aves in  a  th in  "energy-containing layer" surrounding  the 
resonan t field line; the  th ickness of th is  energy-containing layer is of order k a2, i.e., 
th e  in itia l su rface wave energy is deposited  in  a  sm all frac tion  of th e  tran s itio n  
layer. There is no conversion of the  initial surface wave energy into heat, b u t the rate 
a t w hich the  surface wave energy decays and  becom es rep laced  by  the  kinetic and 
m agnetic energy in  the  energy-containing layer does correspond to  the  ra te  implied 
by the  aforem entioned pole in  a  th in  layer. The su b seq u en t strong build-up  of cross­
field velocity  an d  m agnetic  field g rad ie n ts  m ak es  th e  sy stem  su scep tib le  to 
d issipation if even a sm all am oun t of viscosity or electrical resistivity is introduced.
3 .4  A  SIM PLE HARMONIC OSCILLATOR MODEL
A sim ple physical in te rp re ta tio n  of Lee an d  R oberts ' re su lt w as offered by 
Hollweg (1987a). He h a s  reexam ined the  problem  from  a  different point of view. He 
noted th a t  the to tal (i.e., m agnetic p lu s  therm al) p ressu re  fluc tuations applied by the 
surface wave ca n  be tak en  to be constan t across (but no t along) the  tran sition  layer, 
a s  the  tran sitio n  layer is  so th in  th a t  its  inertia  ca n  be  neglected. The to tal p ressure  
fluc tuations associated  w ith th e  surface wave th en  appear directly as  a  driving term  
for slow waves in  the  th in  layer.
3 .4 .1  B a s ic  A s s u m p tio n s
The analysis incorporated  the  following basic  assum ptions:
1. The inertia  of the  tran s itio n  layer w as ignored allowing 8Pt0t to be taken  as 
co n stan t across the  tran sition  layer.
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2. It w as fu rther assum ed  th a t the  transition  layer w as so th in  th a t the  m otions 
in  bo th  sides were negligibly affected by th e  p resence of th e  tran s itio n  layer. This 
m ean t th a t  SPtot could  be regarded as  know n, and  given by the  so lu tions for the  
surface wave on  a  tru e  discontinuity.
3. It is found  th a t  it is convenient to w ork d irectly  w ith the  velocity an d  
m ag n e tic  field  c o m p o n en ts  in  th e  p lan e  of th e  "d iscon tinu ity" , s in ce  th e se  
com ponents account for m ost of the  energy in  the  energy-containing layer.
4. C onsisten t w ith the  assum ption  th a t  ka  «  1, it a ssu m ed  th a t  th e  external 
surface waves decays slowly so th a t  cot<j »  1 , where t<j is th e  decay tim e, i.e. th e  tim e 
requ ired  for th e  ex ternal su rface wave to  tra n sfe r  i ts  energy in to  th e  th in  energy- 
con tain ing  layer.
3 .4 .2  T h e  E s s e n c e  o f  th e  M odel
To convey the  essen tia l physics of a  su rface wave, an d  th e  phenom enon  of 
resonance absorption, consider first the  sim ple example of a  surface wave supported  
by a  single d iscon tinu ity  in  a n  incom pressible fluid. For sim plicity we will assum e 
th a t  the  su rface  wave p ropagates along the  am bien t m agnetic  field, B0, w ith m ay 
have d ifferen t m a g n itu d e s  b u t  th e  sam e d irec tio n  on  th e  two s id e s  of th e  
discontinuity . The x-axis is tak en  to  be along the  propagation direction. In  the  fram e 
moving w ith  the  wave, there  is  a  steady  flow moving in  th e  negative x-direction a t 
th e  p h a se  speed , vph, a s  in  F igure 3 .1a . T h is flow is  deflected by  th e  wavy 
discontinuity , and  accelerated over crests  and  decelerated in  troughs, as  indicated by 
th e  two vecto rs labeled 8V in  Figure 3 .1a. Now th e  to ta l p ressu re  Ptot, m u s t be 
con tinuous across the  surface. To evaluate Ptot we write B ernoulli’s  equation  in  the 
form  (Boyd and  Sanderson  1969)
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Ptot + p*V2/2  = co n stan t along stream lines (3.1)
w here
p* = p - B2/4tcV2 = c o n stan t along stream lines (3.2)
in  a n  incom pressible fluid. In  (3.1) a n d  (3.2), p is m a ss  density , V is  the  local flow 
speed, B is th e  local m agnetic field streng th , and  cgs u n its  will be used.
Now the flow accelerates In going over a  crest an d  decelerates a t a  trough. A crest 
on  one side of the  surface corresponds to  a  trough  on  th e  o th er side, and  if th e  wave 
am plitude is sm all th e  acceleration  on  one side is equal to  th e  deceleration on the  
o ther side. The to tal p ressu re  balance th e n  requires
This yields the  surface wave d ispersion  rela tion  since we w ere w orking in  th e  fram e 
moving with the  wave
T his is  th e  hybrid Alfven speed w hich is  in  betw een  th e  Alfven speeds on th e  two 
sides. Now we can  add  a n  a rb itra ry  field com ponen t p e rp e n d icu la r  to  k. T h at 
com ponent is carried  along with the  fluid w ith no change in  its  m agnitude, because  
th e  fluid is incom pressible, an d  it th u s  does n o t affect the  to ta l p ressu re  balance. So 
we can  write
Pi = * P2 (3.3)
v2, -  Bol + b o2 
P 4k(pj + p2) (3.4)
ra.)2 _ Bokl + Bok2 
k 4n(pi + p2) (3.5)
where the  subscrip t k  indicates the com ponent along k.
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It tu rn s  ou t th a t  (3.5) applies also to  waves on a  cylindrical p lasm a colum n If 
gravity Is neglected, if the background  m agnetic field is parallel to  the  axis, if there  
is no background  flow, and  If I m  I /R  »  I kz I , w here R  is  the  rad iu s  of the  p lasm a 
colum n and  th e  0-dependence of the  m otions goes a s  exp(lmG) with I m l = 1,2 ,3 ,...; the 
p lasm a m ay even be com pressible (Goossens, Hollweg and  S akural 1992). If Im l = 1, 
the  wave Is called a  k ink  mode.
Suppose now th a t  the  d iscontinuity  is replaced by  a  th in  tran sition  layer (region 
3 In Figure 3.1b) acro ss w hich th in g s vaiy  sm oothly. If th e  tran s itio n  layer is th in , 
Ptot m u s t be essen tia lly  co n tin u o u s across it (this is  equivalen t to  neglecting the 
inertia  of region 3). B u t it is still tru e  th a t p* m u st change sign  in  going from region 1 
to  region 2 , since, a s  we m entioned  above, a  c res t in  one region co rresponds to a 
trough  in  th e  o ther. T hus p* m u s t go th ro u g h  zero on a t  least one field line (or 
stream line) in  region 3; one su ch  field lime is indicated  by  th e  dashed  line in  Figure 
3. lb . B u t if p* = 0, Ptot Is constan t, and  it is th en  im possible to  fulfill th e  requirem ent 
th a t  th e  v a ria tio n s  of Ptot a long  th e  su rfaces  be c o n tin u o u s  ac ro ss  region 3. 
Som ething h a s  gone wrong. The e rro r com es from  th e  a ssu m p tio n  th a t  th ere  is a 
fram e in  w hich everything is tem porally steady, I.e., 3 /3 t = 0. This is an o th e r way to 
say  th a t  there  is no norm al m ode (Uberoi 1972).
3 .4 .3  H a rm o n ic  O sc illa to r  E q u a tio n
Note th a t  p* = 0  w hen  vph = vA (the Alfven speed) on  th e  field line for w hich 
p* = 0. A resonance can  th en  occur betw een the surface wave an d  a  slow m ode wave 
(which p ropagates a t  vA on a n  incom pressible fluid) on  the  ind icated  field line. This 
resonance gives rise to  secu lar term s and  to the  ph rase  "resonance absorption."
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R esonance absorp tion  can  be sim ply understood  if we regard  the  to ta l p ressu re  
fluc tuations, 5Ptot • a s  known, an d  approxim ately th e  sam e a s  for th e  surface wave 
on  a  tru e  discontinuity . We consider a  incom pressible case  again, b u t now w ork in 
th e  inertia l fram e (in w hich there  is  no background  flow) an d  we th e n  ob tain  the  
following equation  for th e  velocity fluc tuation  in  th e  d irection  of k , w hich h a s  been  
assum ed  to  be along the  x-axis:
(4 - - (kvA)2) 5Vx = - ^ ^ f  
at2 p a*3t (3.6)
This is the  equation  for a  driven harm onic oscillator, in  w hich the  slow m ode waves 
are  driven by th e  to ta l p ressu re  pertu rbations, 5Ptot. w hich exist in  region 3 in  virtue 
of the  presence of the  external surface wave. The field lines corresponding to  p*= 0 are  
driven a t resonance, and  8VX (and 5Bx) grow secularly. T h is secu la r growth of energy 
m u s t be accom panied  by decay of th e  global su rface  w ave, since to ta l energy is 
conserved. If some d issipation  m echanism  is added to  the  system , th e n  th e  energy in 
th e  th in  layer c a n  be  converted into heat. The resonance  abso rp tion  phenom enon 
could  th u s  be reduced  to the  w ell-know n problem  of a  driven  harm on ic  oscillator. 
T h is m odel is of course  n o t of un iversal applicability, b u t  it  did allow u s  to  tre a t 
p rob lem s w hich h a d  n o t been  exam ined  previously, a n d  w ith  less  cum bersom e 
m athem atics.
To see th is, we now re tu rn  to com pare to  Lee an d  R oberts’ paper. Their analysis 
w as restric ted  to ka  «  1 , to  uniform  density  th roughou t th e  system , and  to a  linear 
varia tion  of B0 2  ac ro ss  the  tran s itio n  layer. Even w ith th ese  sim plifications, their 
analysis still requ ired  daun ting  inverse Laplace tran sfo rm s. In  co n tra s t, th is  sim ple 
harm onic oscillator m odel could consider arb itra ry  va ria tions  of p and  B0 , an d  the
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m athem atics w as very sim ple. The analysis also revealed som e new insigh ts into the 
physics of reso n an ce  abso rp tion . F o r in s ta n c e . Lee a n d  R oberts ' re su lt th a t  the  
th ic k n e s s  of th e  en erg y -co n ta in in g  lay e r is  of o rd e r  k a 2  w as found to  be a 
s tra ightforw ard  consequence of th e  fact th a t  field lines hav ing  a  n a tu ra l frequency 
kxvAx will be  effectively in  resonance  w ith  th e  driving su rface  wave (with frequency 
to) a s  long as
I kxVAx - to I td(ecay) ^ « /2  (3.7)
T his criterion  rc/2 is  som ew hat arb itra ry , b u t  it h a p p en s  to  yield the  dam ping rate  
for a  special case, pi = p2 = P-
td*1 = icak3  Ivax22  '  YAxl2 1 / 8 co (3.8)
which is  th e  exact re su lts  obtained by  a  m ore form al analysis of Lee and  Roberts. At 
la te r tim es, t  > td . th e  surface wave h a s  decayed away and  it does n o t m atte r if th ings 
get o u t of p h a se . However, a t  la te r  tim es, a fte r  th e  d river h a s  decayed away, 
in d iv id u a l field  lin e s  o sc illa te  a t  th e ir  in d iv id u a l n a tu r a l  fre q u en c ie s , an d  
neighboring field lines get m ore and  m ore o u t of p h ase  a s  tim e evolves. T his process 
is called "phase mixing". The harm onic  oscillator m odel a lso  reveals w hy th e  decay 
ra te  is proportional to  surface th ickness. If the  surface is th icker, th en  the  g rad ien ts 
of the  Alfven speed  acro ss th e  su rface is  sm aller a n d  m ore field lines are effectively 
in  resonance  w ith th e  driver, lead ing  to  a  m ore rap id  tra n s fe r  of energy in to  the  
"resonant" field lines.
It is im portan t to  note th a t  inequality  (3.7) show s th a t  p h ase  m ixing h a s  nothing 
to do w ith the  decay of the  surface wave energy an d  its  reappearance  in  the energy-
containing layer. Energy bu ilds u p  on  field lines w hich s tay  nearly  in  phase  w ith the
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driver. O n the  o ther hand , p hase  mixing occurs after the  energy h a s  resonantly  bu ilt 
up , and  the  driver h a s  decayed away. It Is th u s  Incorrect to  th in k  th a t  phase mixing 
causes  resonance absorption. J u s t  the  opposite Is true .
The sim ple harm onic oscillator p icture w as also u sed  In  a  s tu d y  (Hollweg 1987b) 
of th e  effects of viscosity on  resonance absorp tion . It w as able for the  first tim e to 
explicitly calcu late  th e  stead y -sta te  v iscous heating  in  th e  energy-containing layer 
w hen  th e  ex te rnal su rface wave is con tinuously  driven. It w as found  th a t  in  the  
steady-sta te , the  velocity g rad ien ts in  the  energy-containing layer ad ju s t them selves 
so th a t  th e  v iscous heating  abso rbs  th e  energy w hich is being pum ped  in  by the  
ex ternal waves. The end re su lt is th a t  the  n e t v iscous heating  is independen t of the 
viscosity  coefficient. T his re su lt confirm ed a  con jectu re  m ade  by  Ionson  (1978) in  
connection w ith coronal heating. B ut th is  resu lt depended on  th e  assum ption  th a t the 
viscosity is sufficiently sm all so th a t  th e  viscous heating  occurs in  a  layer w hich is 
th in  com pared to  a.
It w as also found th a t there  ca n  be som e situa tions w here the  viscosity is unable 
to  absorb  the  energy w hich is pum ped in. In  those  cases a  m eaningful steady sta te  is 
no t achieved, and  infinities appear a t the  reso n an t field line. These cases occur w hen 
th e  te n so r  form  for th e  v iscosity  is  u se d , i.e. th e  v iscosity  ap p ro p ria te  for a  
m agnetized p lasm a. The viscosity  ca n  d issipate  m otions along B, b u t no t m otions 
across B. Presum ably  some o ther d issipation  m echan ism  m u st th en  come into play; 
one possibility will be  suggested la te r in  th is  thesis  (section 4.6).
For th e  in itial value problem , a  physical u n d e rs ta n d in g  of w hy norm al m ode 
behavior occurs only w hen th e  sh e a r  viscosity (or electrical resistivity) coefficient
exceed some m inim um  value w as gained by using  th is  m odel. T his restric tion  on the 
d issipa tion  w as also found  by  S teinolfson (1985) a n d  by  Mok and  E lnaud l (1985) 











Fig. 3 .1 . (a) A  surface wave a s  viewed in  th e  fram e m oving w ith the  wave. The
flow accelerates (decelerates) over a  c re s t (trough). The to ta l p ressu res  m u st balance 
across the  surface, (b) The sam e a s  Figure 3 .1a, b u t there  is now a n  inflnitesim ally 
th in  in term ediate  region. The con tinu ity  of Ptot across region 3  fails along any  field 
line for w hich p* = 0. The a ssu m p tio n  3/3t = 0  m u s t th e n  be given up , and  secu lar 
te rm s develop leading to  resonance absorp tion .
CHAPTER 4
RESONANCE ABSORPTION OF 
COMPRESSIBLE MHD SURFACE WAVES
C hap ter 3 considered only Incom pressible fluids. The goal of th is  ch ap te r Is to 
extend th e  analysis u sed  in  the  las t ch ap te r to  com pressible p lasm as, which is the  
s itu a tio n  In th e  so la r  co rona . T h is  will be  done by  firs t w riting  th e  ideal 
m agnetohydrodynam ic  (MHD) eq u a tio n s  in  a  form  in  w hich  8 Ptot a p p ears  a s  a 
driving term  for oscillations in  the  tran s itio n  layer. As d iscussed  above, SPtot will be 
regarded a s  know n. We will th en  provide a  sim ple m ethod  for calcu lating  the  rate , 
t d '1, a t w hich th e  energy in itially  in  th e  su rface  wave g e ts  tran sfe rred  in to  the  
energy-containing layer. We will also consider the  effects o f th ree  different form s of 
th e  v iscous s tre s s  tenso r, in  steady  s ta te  s itu a tio n s  in  w hich  the  ex ternal surface 
wave is con tinuously  driven. We will show  th a t  only c lassica l sh e a r  viscosity leads 
to a  m eaningfu l steady  s ta te  for th e  "Alfven resonance" w hich is the  resonance of 
prim ary  in te res t in  th e  so la r a tm osphere  an d  o th er low -beta p lasm as (we will also 
encoun ter ano ther resonance, called th e  "cusp resonance" w hich is m ore susceptib le 
to v iscous d issipation.) And again, a s  in  las t chap te r, it will tu rn  out th a t  the  n e t 
steady  s ta te  heating  ra te  is independen t of the  viscosity coefficient. This will be the  
first dem onstra tion  of th is  im portan t po in t via a n  explicit calcu lation  of the  viscous 
heating .
The principal achievem ent of th is  c h ap te r will therefore be the  application of a 
new  approxim ation  to  a n  old problem . T his approx im ation  yields some analytical 
re su lts  w hich have n o t b een  heretofore available, a n d  it p e rm its  a  m ore thorough
48
d iscu ssio n  of v iscous effects th a n  c a n  be found  in  th e  existing lite ra tu re . This
analysis th en  serves a s  a  valuable first step  before any fu rth e r study.
4 .1  DISSIPATIO NLESS EQUATIONS
The basic  eq u a tio n s  for o u r  d iscu ss io n  a re  th e  ideal (d issipationless) MHD 
equations, in  th e  form
dp/dt + pV • V = 0 (4.1)
pdV /dt = - Vp + (J x  B)/c (4.2)
d(p/pY)/d t = 0  (4.3)
3B/3t = V x  (V x  B) (4.4)
V • B = 0 (4.5)
w here c is the  speed of light, J  = c (V x  B )/4x  is  th e  cu rre n t density, y = c p /c v is the 
ratio  of specific h ea ts , and  d /d t  is defined a s  (Priest 1982)
d /d t  = 3 /3 t + V • V (4.6)
w hich rep resen ts  th e  m ateria l derivative for tim e varia tions following the  m otion.
The u n p ertu rb ed  tran s itio n  layer, which su p p o rts  the  surface wave, is tak en  to 
lie para lle l to  th e  x-z p lane . The tra n s it io n  layer is e ssen tia lly  a  tan g en tia l 
d isco n tin u ity , so  B0y = 0  (henceforth , the  su b sc r ip t "0 " den o tes  u n p e rtu rb ed
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background  quantities, an d  th e  prefix "8" denotes the  fluctuations associated w ith the 
waves). The b ack g ro u n d  m agnetic  field is th u s  B 0 = (BOX) 0, Boz). There is no 
background  flow (it will b e  dealt w ith in  the  next two chapters), so V0 = 0  (V is the  
p la sm a  velocity). All b a c k g ro u n d  q u a n titie s  a re  ta k e n  to  vary  only in  th e  y 
direction, so B0  = B0 (y). The background m u st be in  s ta tic  equilibrium , so
w here pQ = Po(y) fs the  therm al p ressure . We shall also w ithout loss of generality take 
th e  waves to propagate in  th e  x  direction; th u s  3/3z = 0. Fourier analysis will be used  
from  th e  s ta r t, so th a t  the  x  and  t  dependences of all fluc tuation  quan tities  will be 
ta k e n  to  be exp(ikx - icot), w here k  is wave n u m b er and  to is (angular) frequency. 
D issipation  will be ignored in  th is  section. All u n its  will be in  cgs.
The linearized m ass  conservation, m om entum , and  energy equations are
P o  + B02 /8jc = constan t (4.7)
-ico 8p + SVy dp0/d y  = - p0D (4.8)
- ico po 8V = - V8 Ptot + ik Box 5B/4tc + (47c) - 1 8By dB0/d y (4.9)
a n d
ico8p -  8Vy dpo/dy = p0vs2D (4.10)
w here p is m ass  density.
D = V • 8V (4.11)
a n d  Ptot Is th e  to ta l p ressu re
Ptot = P + B2 / 8 tc (4.12)
The sound  speed, vs  is given by
vs 2  — (5/3) Po/ Po (4.13)
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for a  perfect gas w ith th ree  In ternal degrees of freedom. We will find It useful to  work 
w ith th e  velocity com ponent along B0. By tak ing  the  sc a la r p roduct of B0 w ith  (4.9) 
we ob tain
icoB0 • 8V = pQ lk Box 8p - (8jiPo) 8By dB0 /d y  ^
The linearized m agnetic Induction equation  is
- ico 8B + SVy dB0/d y  = lk  Box 8V - DB0 (4 lgJ
By tak ing  the  scalar product of B0 w ith (4.15), we obtain
D = lk  Box B02  B0 • 8V - 8Vy d lnB0/d y  + 4;dco B02  8Pmag (4 lg)
w here 8Pmag s  8Ptot - 8p.
The goal now is to  rearrange these  equations so th a t  SPtot appears as a driving 
term . After som e trivial m an ipu la tions we find
B 0 • 8V = kBox vf (pQco) 1 8Ptot/C  (4 17)
B0  • 8B = SVy (2ico)'1dB2 /d y  + 4it(C - v§) 8Ptot/C
a n d
where
and  we have defined
(4.18)
V ■ 8V = icopo- 1 SPtot /C  (4.19)
c  s  v a  + '  ^v^xv^/co2 (4.20)
VA  = Bo/(4ltPo)
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and
VAX — ® Q x/ (4ftPo)
In deriving (4.17) - (4.19), we have used  (4.7). The quantity  C becom es zero w hen
This Is called the  "cusp singularity", or "cusp resonance." If we regard co/k as  known, 
an d  determ ined  by the  d ispersion  re la tion  of th e  ex ternal su rface wave, th e n  any 
field lines in  th e  tra n s itio n  layer satisfy ing (4.21) will be  in  resonance  w ith the  
external wave. It can  be show n th a t  the  resonan tly  driven wave is a  slow m ode wave 
on  a n  infinitesim ally th in  m agnetic slab; see equation  (3.49) of R oberts (1986). Note 
th a t  the cusp  resonance d isappears in  a  cold p lasm a (vs 2  = 0). The cusp resonance can  
ex ist in  a  low -beta p lasm a su ch  as  the  so lar corona, w here vs 2  «  v a 2 , b u t it is 
u sually  n o t of in terest because the  external surface wave m u st have a  very slow phase 
speed, w hich m eans th a t  its  energy flux will be too sm all to  be of consequence.
Proceeding along the  sam e lines, we can  calculate the  velocity and  m agnetic field 
fluc tuations perpendicular to  B0, b u t in  the  plane of the "discontinuity";
k 2  v |  + v2 (4.21)
(Boz 8VX - Box 5VZ)/B 0 = (<0/k) (Boz/Bo) 8Ptot/(PoA) (4.22)
and
(Boz SB,, - Bqx SBgJ/Bo - SVy Boz d (Box, _ BoxBoz SPtot 




E quations (4.22) and  (4.23) exhibit a resonance w hen A = 0, i.e., w hen
(4.25)
T his is  called the  "Alfven resonance" or "Alfvenic singularity". As w as the  case with 
th e  c u sp  s ingu larity , field lines sa tisfy ing  (4.25) will be  in  resonance  w ith the 
external surface wave, which can  be regarded a s  the  driver.
Note th a t  the  c u sp  resonance refers to com ponents along B 0 while the  Alfven 
resonance refers to com ponents transverse  to B0. Moreover, the  quantities Sp, V • 5V, 
an d  8 p ex h ib it s in g u la ritie s  only  a t  th e  c u sp  re so n a n c e . If th e  flu id  Is 
incom pressib le, th e n  v s 2 = oo, and  (4.21) and  (4.24) show  th a t  the  Alfven and  cusp  
resonances coincide. In th a t case (4.19) gives V • 8V = 0 , a s  expected, while (4.17),
(4.18), (4.22), and (4.23) yield
E quation  (4.27) s ta te s  th a t the  ra te  of change of 8BZ seen  by  a n  observer moving with 
th e  flu id  is  zero, i.e ., th e re  a re  no  in trin s ic  f lu c tu a tio n s  of Bz . T h u s  in  an  
in com pressib le  flu id  th e  in trin s ic  velocity an d  m agnetic  field f lu c tu a tio n s  are 
polarized along th e  propagation direction.
For fu tu re  reference, we u se  (4.17) and (4.22) to obtain
8VZ = 0 (4.26)
and




w here we have defined
vA z  =  B ^z /(4 jtp o )
Also, by com bining (4.19) and  (4.28) we find
(4.29)
It is u sefu l to  tak e  im m ediate note of th e  fac t th a t  SVy is  only  logarithm ically  
s in g u la r in  th e  vicinity of a  reso n an t field line, if A or C go th ro u g h  zero linearly 
w ith  y. O n the  o ther h an d , th e  velocity a n d  m agnetic  field fluc tuations  in  th e  x-z
p lane  are m ore highly singu lar, varying a s y 1 if A «  y  o r C «  y i n  th e  vicinity of a
reso n an t field line. This m ean s th a t the  energetics are dom inated by  the  com ponents 
in  the  x-z plane. We will u se  th is  fact in  the next section.
Finally, the y com ponents of (4.9) and (4.15) yield
gv  = . ico d8p tot 
Pok2A ay (4.30)
E quations (4.29) an d  (4.30) yield the following equation  for SPtot
a n  S8P
3y PqA 3} (4.31)
E quation  (4.31) can  be regarded  a s  fundam en ta l, b u t  we sha ll u se  it in stead  to 
estim ate  th e  erro r in cu rred  by approx im ating  SPtot a s  c o n s ta n t th ro u g h o u t th e  
tra n s itio n  layer.
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C onsider firs t th e  Alfvenic resonance , A = 0. In  th e  v icinity  of th e  Alfvenic 
resonance we gave
f®2  " k 2 C)/C » -k2 v^z/v^  (4 32)
and  (4.31) h a s  the  solution
SPtot “ c iyl i  (k'y) + c2yKx (k'y) (4 33)
w here I i  and  Ki are  modified Bessel functions, k ' = kyAz/vA, c i  and  C2 are integration 
c o n s ta n ts , and  we have tak en  poA °= y in  the  vicinity of th e  resonance. If k 'y «  1, 
a n d  if c i  is  no t m uch  g reater th a n  C2 , th en  the  leading behavior is
SPtot “ (c2 / k ’)[l + 0.5 (k'y)2 In  (k’y / 2 )] (4 34)
The second  term  in  sq u are  b rac k e ts  gives a n  estim ate  of th e  relative deviation of 
SPtot from  being constan t; for example, if we take  y  = T / 2 , where T is the  th ickness 
of th e  tra n s itio n  layer ("a" will be u sed  to  denote a n o th e r q uan tity  in  th is  chapter), 
and  k' T  = 0.3, th en  th e  relative enror is only 3%.
Consider next the  cusp  singularity, C = 0. If we ignore th e  derivative of PqA, th en  
in  th e  vicinity of the  cu sp  singularity  equation (4.31) becom es approxim ately
a2sp tot (o2sp tot _ 
ay2 c y
w here we have tak en  C = C'y w ith C' a  constan t. The solution is
(4.35)
SPtot -  c3 y 1/2 J i£ ) + c4 y I /2  YlK) (4.36)
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where £ = 2 (co^ /C 1)1/ 2, C3  and  C4  are Integration constan ts, and J i  and  Yj are Bessel 
functions. If 0  < £ «  1, a n d  if C3  is n o t m u ch  g rea ter th a n  0 4 , th e n  th e  leading 
behavior is
As before, the  second te rm  in  square  b rack e ts  estim ates th e  deviation of SPtot from 
being constan t. In  th is  case  the  erro r varies a s  y  In y, com pared to  y 2 In y  for the  
Alfven reso n an ce . T ak ing  SPtot “ c o n s ta n t th ro u g h o u t th e  tra n s itio n  layer is 
therefo re  of m ore lim ited  valid ity  for th e  c u sp  reso n an ce  th a n  for th e  Alfven 
resonance.
W ith th is  background  in  hand , we now offer a  sim ple algorithm  for calculating 
th e  ra te  a t  which the  ex ternal surface wave pum ps energy into a  resonan t energy- 
con ta in ing  layer.
C onsider first th e  Alfven resonance , A = 0. It is convenient to w ork w ith the
5ptot -  '(c4 /rc) (C'/o)2)1 /2  [1 - (to2y/C ') In (co2y /C  )I (4.37)
4 .2  ENERGY-CONTAINING LAYER
q u a n tity
SVX = (Boz 5Vx - Box SV^/Bo
We rewrite (4.22) in  the  form
( j i  + k2vix)8V x = -
vat2 (4.38)
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E q u a tio n  (4.38) is  the  eq u a tio n  for a  driven  h a rm o n ic  oscilla tor, w ith n a tu ra l  
frequency kv^x- For convenience, take
SPtot = P cos (kx - cot) (4.39)
T h u s P = I SPtot I • Recall th a t th is  is  the  to ta l p re ssu re  fluc tuation  im parted  to the
system  by  th e  ex ternal su rface  wave. We now w an t to  co n sid e r a n  in itia l value 
p rob lem  in  w hich  th e re  are  no  velocity o r m agnetic  field f lu c tu a tio n s  on  th e
reso n an t field line a t t  = 0. The solution for the  reso n an t field line (A = 0) is
SVj. = k(Boz/B o)P(2p0) ' 1 ( t s in  (kx - cot) + to"1 s in  (kx) sin(cot)) (4 .40)
This resu lt satisfies the  initial conditions 8V±(t = 0) = 0  and
w hich follows from (4.9). If we now square  (4.40) and  th e n  average over x  an d  over 
cot, we find th a t  the kinetic energy density  associated  w ith §VX, K, grows a t the rate
3K _ k V B ^  t
at SPoBo (4.41)
Since (4.15) im plies th a t  th e re  is energy eq u ip a rtitio n  betw een  th e  k inetic  an d  
in trin sic  m agnetic fluc tuations associated  w ith 8B1> the  to ta l energy density  on the  
reso n an t field line grows a t twice the  rate  given by (4.41).
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Strictly  speaking, (4.41) applies only on the  single re so n an t field line. B ut we 
have already  noted  (see equation  (3.7)) th a t  o ther field lin es  will be effectively in 
resonance up  to  a  tim e t, a s  long as
I to - kyAx I t  < i t /2  (4.42)
This equation  and  its  consequences will be d iscussed  fu rth e r below. We now expand 
YAx in  a  Taylor series abou t the  reso n an t field line, i.e..
kvAx = (0 + kvAx' Ay (4.43)
where Ay is d istance from  the  resonan t field line an d  vax' = dyAx /d y  evaluated a t the 
resonan t field line; we shall henceforth  assum e vax' > 0. Com bining (4.42) an d  (4.43) 
gives the  following resu lt for the  th ickness of the  energy-containing layer:
“ o = Jt(ktVAx’) ' 1 (4.44)
2cJ £  = 7rkP2(B0Z/B 0)2/(4p0vAx')
3t (4.45)
E quation  (4.45) gives the  ra te  a t w hich kinetic an d  m agnetic energy is pum ped  into 
th e  (Alfvenic) energy-containing layer by th e  to ta l p ressu re  f lu c tu a tio n  associa ted  
w ith th e  ex ternal su rface  wave, p e r  u n it a rea  in  th e  x-z p lane . T his q u an tity  will 
henceforth  be denoted H. (Note th a t we have ignored the  energy associated  w ith 8Vy 
and  5By. This is justified  for the  reason  given in  connection w ith equation (4.29): 5Vy 
and  8By are only logarithm ically s ingu lar on  th e  resonan t field line.)
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E quation  (4.45) can  also  be u se d  to  determ ine th e  dam ping  tim e, t<jt of th e  
external surface wave. Let E denote the  total energy in  the  external surface wave, per 
u n it a rea  in  th e  x-z plane; E  is  th u s  th e  y  integral of th e  energy density  associated  
w ith the ex ternal su rface wave, averaged over space or tim e. Since E is a  quadra tic  
quantity , it will be proportional to  P2 , so we write
E  = eP2  (4.46)
W here e is som e co n stan t which m u st be determ ined for th e  p a rticu la r s itua tion  at 
hand . Now (4.45) gives the ra te  a t which the  surface wave loses energy to the  resonan t 
layer. We th u s  have
e <gL = - KkP2 (B0Z/B 0)2 /(4p0vAx')
and  P decays w ith a n  e-folding tim e of
td = 8 e p0 vax' (Bo/B 0z)2 /(xk) (4.48)
T hus
H = 2E /td
E quation  (4.48) is valid only if ©td »  1, since (4.41) a n d  (4.45) w ere derived by 
averaging over cot.
We now re tu rn  to  (4.42). As m entioned in  ch ap te r 3, we have chosen  a  som ew hat 
a rb itra ry  fac to r rc/ 2  b ecau se  it h a p p en s  to  give th e  exact answ er w hich  can  be 
obtained via m ore laborious analysis. Similarly, (4.44) co n ta in s  th e  sam e arb itra ry  
factor of n / 2 ,  an d  in  addition, (4.44) does no t precisely specify how th e  th ickness of
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the  energy-containing layer is defined. (Equation (4.44) is a lso  m eaningless a t  sm all 
tim es, b u t  th is  is less  of a  problem  because we h ad  previously, in  connection  w ith 
(4.41), averaged over th e  rap id  fluctuations a t cot.) T h u s (4.42) and  (4.44) are really to 
be regarded a s  m nem onic devices w hich con ta in  the  e ssen tia l physics b u t sh o rtcu t 
th e  m athem atics. For the  m ore elaborate calculations, we c a n  proceed in  th ree  ways:
1. A ssum e P °= exp (- t/t^j) and  use  (4.38) to solve th e  in itial value problem  on 
each  field line in  th e  vicinity of the  reso n an t field line. T h is  w as done by  Hollweg 
(1987a) for the  incom pressible problem, b u t the  m athem atics is th e  sam e as  here. At 
long tim es, th e  energy which w as originally in  the  ex ternal su rface wave reappears  
in  th e  energy-containing layer. The fluc tuation  am p litudes  are  d is tr ib u ted  in  the  
form of a  Lorentzian w ith a  full-w idth a t half-m axim um  given by
FWHM = 2 /(k tdvAx' ) (4.49)
(see equation (4.44)). Energy conservation requires th a t  t<j be given precisely by (4.48).
2. We can  in troduce a  sm all am ount of d issipation in to  the  system  and  look for 
a  steady s ta te  in  w hich th e  d issipation balances th e  energy w hich is pum ped in to  the  
re so n a n t layer by th e  ex ternal su rface wave. T his p rob lem  will be d isc u sse d  in  
section 4.5. We will find th a t the  ra te  a t which energy is d issipated  is given by (4.45), 
and  th is  therefore is the  ra te  a t which energy is pum ped into the  resonan t layer.
3. We can  u se  the  com plex-plane analyses in troduced  in  C hap ter 5. We will 
again  find th a t  th e  m nem onic p rocedure agrees w ith  th e  exact re su lts  (Lee and  
Roberts 1986).
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4 .3  COLD PLASM A APPROXIM ATION
We now  apply the  above d iscussion  of th e  Alfven reso n an ce  to som e specific 
cases. We will confine o u r d iscussion  to a  low-beta plasm a, for which vs 2  «  v^2; th is 
is th e  s itu a tio n  in  the  so lar corona. Such  a  p lasm a can  be approxim ated a s  cold, i e., 
v s 2  = 0. C onsider first th e  ex ternal surface wave. If th e  tran s itio n  layer is th in , the 
ex ternal wave will be nearly  the  sam e a s  a  su rface  wave on  a  tru ly  d iscon tinuous 
surface. It is convenient to  w ork in  the  fram e moving w ith  th e  wave. In  th a t  fram e 
d/dt = 0, b u t  there  is a  steady  background flow in  the  x  direction denoted by Vxo. The 
m agn itude  of Vxo is the  phase  speed. T hus Vxo= w /k . W ithout loss of generality, we 
take  th e  pertu rbed  position of the  surface in  th a t  fram e to  be
w here a  is  a  c o n stan t. It is easily  verified th a t  th e  velocity an d  m agnetic  field 
fluc tuations below (i.e., y  < o, denoted by subscrip t 2 ) the  surface are  given by
8Bz2  = -4na (n2 Boz2)_1 sin(kx) (B2^  (k2  - ng)/4 ji - po2v |> k2} exphvjy) (4  53)
ysurf = a  sin  kx (4.50)
SBx2  = -an2 Box2 s in  (kx) exp fn^) (4.51)
SBj^ = ak  Box2 cos (kx) exp fn^) (4.52)
SV%2 — " ® oz2^® z2/^ICPo2Vxo) (4.54)
8Vy2  = ak  Vxo cos(kx) expfin^y) (4.55)
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SVZ2 = - (B o x a /B ^ ) ^ (4.56)
where n 2  > 0  since the  surface wave m u st decay away from  th e  surface. The quantity  
n 2 is given by the  relation
w hich is equivalent to  th e  cold p lasm a d ispersion  re la tion  for th e  fast MHD mode. 
Equations (4.53) and  (4.57) th en  yield the  sim pler relation
The to ta l p ressu re  fluctuation is given by (4.51) and (4.53):
^p tot,2 = 1^ 0x2  8Bx2  + Boz2 5Bz2)/4 jt (4.59a)
5Ptot,2  = Po2 a k 2  n 2J (Vxo - vAx2 > sin(kx) exp(n2y) (4 .5 9 b)
To ob tain  th e  conditions above the  surface (i.e., y  > 0, denoted by su b scrip t 1), use  
(4.51)-(4.59) with the  sign of n  changed, and  w ith subscrip t 2 replaced by subscrip t 1. 
The above relationships can  be used  to calculate th e  wave energy, E:
(4.57)
8Bz2  = - aBoz2  n ^1 (n§ - k2) sin(kx) exp(n2y) (4.58)
E = (ak Vxo/2 )2  Z (poi/m) H + (kBoa/njBo)2] (4.60)
w here E deno tes a  sum m ation  over regions 1 and  2. It c a n  be verified th a t  there  is 
global, b u t  n o t local, eq u ipa rtition  betw een th e  m agnetic  an d  k inetic  energies. 
E quations (4.59b) and  (4.60) can  be used  to find e (equation (4.46)) and  t<j (equation
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(4.48)), b u t  is m ore convenient to  postpone th is  ca lcu la tion  u n til th e  d ispersion  
relation  h a s  been obtained.
The d ispers ion  re la tion  follows directly  from  th e  req u irem en t th a t  5Ptot,2 = 
SPtot.l on the  surface. In linearized theory it is sufficient to  evaluate 8Pt0t a t y  = 0. 
From  (4.59b), the  d ispersion relation is
(Yxo " vAx2  ^ Po2 / n 2 =: '  " vAxl) P o l/n l (4.61)
w here n i  > 0  an d  n 2 > 0. If n j  and  n 2 are  elim inated by squaring  (4.61) and  using
(4.57), there  resu lts  an  equation which can  be solved for VXo2. which is the  square  of
the  phase  speed. Note immediately th a t VXo2 m u st lie betw een y ax i2 and yax2 2. This 
fact can  be used  to eliminate extraneous roots which occur w hen (4.61) is squared.
4 .3 .1  P ro p a g a tio n  N early  P erp e n d ic u la r  T o  B»
As a  concrete example, assum e
Bozi2 »  Box! 2 (4.62a)
B0z2 2 »  Bqx2 2  (4.62b)
i.e., the  waves are  propagating nearly  perpendicular to B0. Since Vx o 2 is of the order 
° f  vA xl2 ° r  vAx22 . w hich are  in  tu rn  m uch  sm aller th a n  y a i 2  o r YA22 . we can  use
(4.57) to  deduce n i  = n 2  = k. E quation (4.61) th en  yields
V20 = Z(B2xl)/(47r2p0l)
E quation  (4.60) th en  gives
E = a2k l  (B2xi)/87i
(4.63)
(4.64)
If we now  com bine (4.46), (4.59b), a n d  (4.64), we find th a t  th e  to ta l p re ssu re  
fluc tuation  a t  the  surface is
5ptot,surf “ A/(4jc I  pol)] sin(kx) (4.65a)
and  th u s
e -  2 jc (Z pol)2  S (B ^ /O cA 2) (4.65b)
where we have defined
(4.66)
Having th u s  specified th e  conditions in  the  ex ternal surface wave, we can  now use
(4.48) to  obtain  the  dam ping ra te  due to resonance absorp tion  w hen the  ideal surface 
is rep laced  by a  th in  tran sition  layer. We find
w here th e  subscrip t R refers to  conditions on the  resonan t field line, and  it should  be 
noted th a t  B0 m u st be co n stan t th roughout the  tran sition  layer in  order to satisfy the 
to ta l p ressu re  equilibrium  in  a  cold plasm a. Equation  (4.67) is a  new resu lt obtained 
du ring  th e  course of th is  research  (Hollweg and  Yang 1988). Its left-hand  side is a 
d im ensionless num ber m easuring  the  nu m b er of w avelengths traversed by the  wave 
in  one dam ping time. Dam ping of the surface wave is favored by sm all values of vax' 
and  by  sh o rt wavelengths. The dam ping ra te  can  be affected also by ro tation  of the  
m agnetic  field w ith in  the  tran s itio n  layer; for exam ple, th e  dam ping ra te  could be 
reduced  if BOXr /B 0zr becom es large on the  resonan t field line, a s  long as  inequalities 
(4.62) a re  still satisfied  in  th e  ex ternal regions. We believe th a t  th is  geom etrical 
dependence h a s  been  m anifested  in  the num erical calcu la tions of G rossm ann and
k-Yxptd ~ 2Bq £  (BOXj) (E p0 j) B2^  v ^
n kVxo A Bozpj (4.67)
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Sm ith (1988). We shou ld  also note th a t  (4.67) tak es  a  sim ple form If Box and  Boz a re  
bo th  co n stan t th roughout the  tran sition  layer. In  th a t  case
kVxptd _ 4(£ p0)) p0
271 7C2 k(p02  - Poi)2 (4.68a)
where p0' = I dp0/d y  I on the  resonan t field line. For fu tu re  reference, H = 2 E /td  Is
H -  a2 k2 Vxo ^ox (Po2 ~ Pol)
16 Poz  Pol (4.68b)
If po varies linearly across a  tran sitio n  layer of th ick n ess  T, th en
k-Yxptd  _____4  S Po;
271 jc2 kT I po2 - Poi I (4.69)
T his re su lt co rrec ts  som e typographical e rro rs  w hich a p p e a r  In equa tion  (64) of 
Ionson  (1978), b u t  It agrees w ith h is  (63). The th ick n ess  of the  energy-containing 
layer for th is  case can  be estim ated from (4.44) w ith t  = t<j. We obtain
Oq -  ji2 kT2 / ^
4 .3 .2  P r o p a g a tio n  N ear ly  A lo n g  B»
As an o th er example, we take B0xl = BOX2 and  Bozl = B0z2. b u t we now assum e
Bozl2 «  Boxl2 (4.70a)
Bqz22 «  Bqx22 (4.70b)
65
corresponding  to p ropagation  nearly  along B0. The analy tical re su lts  in  th is  s u b ­
section  a re  all new resu lts  in  the  course  of th is  research  (Hollweg and  Yang 1988). 
The d ispersion  re la tion  for th is  case  h a s  been  d iscu ssed  by G ordon a n d  Hollweg 
(1983); see the ir (19). Subject to  (4.70), we find
t1 - r) (4.71)
w here r  = P0 2 /P 0 I an d  we have tak en  r  < 1 w ithout loss of generality; the  value of r  is
restric ted  only by the  condition
Boz « B ^ ( 1  - r)
From  (4.57) we have
>n i \2 _ (Boz/B q) 
k  ~ 1 - r  (4.72)
The wave energy, E, is  dom inated  by  region 1 p rim arily  b e c au se  n i  is sm all. 
E quation  (4.60) yields
E « g2k B° (1 - r )3/ 2
1671 Bqz (4.73)
The to tal p ressu re  fluctuation  a t the surface is given by  (4.59b):
5ptot,surf = - ak(B2 /47t) (1 - r)1/2 sin(kx) (4.74)
T h u s
e ^ J L  ® 2 _ ( i- r)1/2
k  Boz (4.75)
Finally, (4.48) yields the  reso n an t abso rp tion  d issipation  tim e w hen the  surface is 
replaced by a  th in  tran sitio n  layer:
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= 4(1 - r) B0  Poi VxQ Vax 
271 nk  b oz BozR (4.76)
E quation  (4.76) is new. If Box and  B0  a re  c o n stan t th ro u g h o u t the  tran s itio n  layer, 
(4.76) tak es  the  sim pler form
kVxotd _ (1 - r)1 /2  ( B0 )6  Pq
2n 2 x2k  Boz Pol (4 .7 7 a)
C om paring (4.68a) an d  (4.77a) show s th a t  th e  dam ping is m uch  less  efficient for 
nearly  para lle l p ropaga tion  th a n  for nearly  p e rp en d icu la r p ropagation . However, 
th is  s ta tem en t is no t tru e  for H, w hich in  th is  case is
H -  a 2  k 3  ^xo B2 ; (Po2 ~ Pol)
8  Po (4.77b)
C om paring w ith  (4.68b) show s th a t  for fixed va lues  of th e  su rface  d isp lacem ent 
am p litude , a , a n d  of wave n u m b er, k, th e  value  of H in  th e  nearly  para lle l 
propagating case could be larger th a n  in  the  nearly  perpend icu lar propagating case, 
because  Vxo is larger for the  parallel case; of course, H will depend also on the  actual 
propagation  directions, which determ ine Box2  and  Boz2  for a given field streng th  B0. 
The reaso n  for th is  behavior is  closely linked to th e  fact th a t  n i  is sm all for nearly 
parallel propagation. This m eans th a t  th e  surface wave extends a  large d istance into 
region 1 . Since a  large am ount of p lasm a m u st be displaced, SPtot m u st be large a t the 
surface, an d  th is  im plies th a t  H will be large.
For com pleteness, th e  th ic k n e ss  of th e  energy-contain ing  layer for th e  case 
corresponding to (4.77a) is
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Note th a t Oq is quite sm all in  th is  case, since B0Z/B 0 is  sm all by assum ption.
4 .3 .3  C u s p  R e s o n a n c e
Finally we conclude th is  section  w ith a  few rem arks abou t th e  cusp  resonance. 
These resu lts  too are new  (Hollweg and  Yang 1988). E quation  (4.17) can  be rew ritten 
as
E quation  (4.78) is sim ilar to  (4.38) for the  Alfven resonance. We ca n  now employ th e  
sam e m nem onic algorithm  for th e  cu sp  resonance  a s  w as employed above for th e  
Alfven resonance (equation (4.38) et seq.). The averaged kinetic  energy density  on th e  
reso n an t field line grows a t  the  ra te
(4.78)
where we have defined
5V|| = B0 • 5V/B0
Vi?  = v£ + v§
VC = v |x  v f/v ?
(4.79)
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E quations (4.10) an d  (4.17)-(4.19) can  be  u sed  to  show  th a t , a t resonance, there  is 
equ ipartition  betw een th e  kinetic and  potential energy densities, where th e  potential 
energy density, ((>, is given by
8p2
2 p0v§ (4.80)
H ere 8B N = B 0 • 8B /B 0 a n d  only th e  in trinsic  va lues of SBM an d  8p are  considered . 
T h u s the  to ta l energy density  on  the  resonan t field line grows a t twice th e  ra te  given 
by  (4.79). The th ick n ess  of the  energy-containing layer follows from the  sam e type of 
analysis a s  w as used  in  deriving (4.44). We obtain
cc0 = Tdktvc' ) ' 1 (4 .81)
w here  vc ' = dvc /d y  on  th e  re so n a n t field line; we take  vc ' > 0  w ithou t loss of
generality . The ra te  a t  w hich energy is pum ped in to  th e  energy-containing layer is
th u s
H  _  7 t k  P 2  B p X v 4
4Po Bq v f  v^ (4.82)
The factor (vs /v f )4  Implies th a t  the  cusp  resonance is un im p o rtan t com pared to  the 
Alfven resonance  in  a  low -beta p lasm a. Finally, th e  dam ping  tim e c a n  again  be 
obtained  from  the  rela tion
ta = 2E/H
if the  wave energy E is known.
We will h e n cefo rth  ignore th e  c u sp  re s o n a n c e ,a n d  c o n c e n tra te  on  th e  
astrophysically  m ore significant Alfven resonance.
In the  next sections we extend ou r analysis to include viscous effects.
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4 .4  VISCOSITY: THE no TER M S
C onsider a  m agnetized p lasm a  w ith coCi Z[ »  1. w here coci is the  ion cyclotron 
frequency  a n d  xi is  th e  ion co llision  tim e. T here a re  five v iscosity  coefficients, 
denoted t)0  -  *14 by Braginskii (1965). The coefficient iio is the  largest. The next largest 
coefficient is sm aller roughly by the  factor (coci t j ) '1, w hich is of th e  o rder of 1 0 '6  in  
the  so lar corona. We shall henceforth ignore tu  ...114.




S1J Bq1 B°J) t
w here 8y is the  Kronecker delta and
V- 8VL ^ - B,’o 3  (4.84)
E quations (4.83) and  (4.84) have been  obtained after linearizing.
It c a n  be noted  im m ediately th a t  Ly and  SPy exhibit a  reso n an t behavior only a t 
the cusp  resonance, and  not a t the  Alfven resonance; see (4.17) and  (4.19).
The com ponents of the  viscous s tre ss  are
- (V ■ 5Py)x = - T|0(l - SBqx/B q) ik Ly (4.85)
- (v ■ spyjy = - 0(tio LvJ/ay (4.86)
C onsider first the  y  m om entum  equation. After com bining w ith the  y com ponent 
of th e  induction  equation , we find
5Vy = - ico (p0 k2 A)'1 36Ptot/9y
w here we have defined
5Ptot = SPtot + fio
E quations (4.88) and  (4.89) ca n  be com pared w ith (4.30). Following ou r previous 
d iscu ss io n  (equation  (4.31) an d  those  th a t  follow), we sh a ll regard  SPtot' a s  being 
nearly  c o n stan t across th e  tran sitio n  layer. T hus SPtot' c a n  be a ssu m ed  known, and  
we c a n  tre a t it a s  a  driving term .
Consider next th e  x  an d  z com ponents of the  m om entum  equation, including the  
v isco u s s tre s se s  given by  (4.85) an d  (4.87). A fter com bin ing  w ith  th e  induction  
equation, we ob tain  (see equation (4.22))
5Y x -  to B oz 5p to t
k  B0  p0 A (4 90)
w here A is still given by (4.24). The su rp rising  resu lt here is  th a t  th e  T)0 term s do not 
affect th e  re so n a n t denom inator, A. T h is  m ean s  th a t  th e  s tru c tu re  of the  energy- 
co n ta in in g  layer is  unaffec ted  by  q 0 v iscosity , a lth o u g h  th e  am p litu d e  of th e  
f lu c tu a tio n s  will be m odified by  th e  p resence  of v iscosity  in  SPtot'- A lternatively, 
su p p o se  we seek  a  s tead y  s ta te  so lu tion  in  w hich th e  ex te rn a l su rface wave is 




tim es. I.e., th e  am plitude P in  (4.39) is a  constan t. In  th a t  case, (4.90) im plies th a t  
8Vx - > 00 on the  reso n an t field line, and  a  m eaningful steady  s ta te  solution ca n  no t be 
obtained. The ti0 te rm s are  unab le  to  absorb  th e  energy w hich is pum ped in to  the  
energy-containing layer by the  external surface wave. To elim inate th e  infinity, som e 
o ther dissipative process m u st be introduced.
To estim ate th e  m agnitude of the  effect of the  ti0 term s, we u se  (4.17) an d  (4.19), 
w ith appropriate  m odifications due to viscosity, an d  (4.84). After m oderately lengthy 
algebra we ob tain  the  following equation  w hich ca n  be u se d  to  find Ly in  term s of
In a  low -beta p lasm a we can  take v s 2  = 0. On th e  re so n an t field line we have to2  = 
k2YAx2  • We th en  obtain
For a  num erical estim ate, in  the  so lar corona we have
in  cgs u n its , where Tp is the  proton tem peratu re . For coronal active region loops we 
take Tp = 2.5 x  10® K, B0 = 50 G, and  a  wave period of 100s, and  we find I T|o Lv/8Ptot I 
= 1 0 '4 . In  coronal ho les we tak e  Tp = 1.5 x  10® K, B0 = 10 G, and  we ob ta in  
I Tio Lv /8 P to t1  = 7 x  1 0 ‘4  for a  wave period of 100 s. Clearly, th e  ti0 te rm s  are  
insignificant in  th e  corona. The sam e conclusion ho lds a t lower (cooler) levels of the 




Ly (3Bq + 12 7ti (0T|o) = - 4 k ieo 8Ptot (4.92)
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th e  Tio te rm s could  be significant a t  the  cusp  reso n an ce , w here Ly will exhibit a 
re so n an t behavior.
We tu rn  now to the  classical form for the  viscous s tre s s  tensor.
4 .5  CLASSICAL VISCOSITY
The classical viscous s tre ss  ten so r takes  the form
P = - t U^  + ^ - 2 . s 1j V . v ) - C 81jv - v  
J 3xj 3xj 3  J J (4.94)
w here T) a n d  £ are the  two viscosity coefficients w hich will b e  assum ed  constan t. The 
viscous s tre ss  is
- V - P 1j = t i V2V  +  (C +  t1/ 3 ) V V . V  ( 4 9 5 )
The volumetric heating ra te  due to viscosity is
3V. 3V) 3V, 3V, 3V, 2
Q  =  - p ii ^  =  +  +  K  - 2 t] / 3 )  (V ■ V )2
3x, 3xj 3x, 3x, 3x, (4 g6)
w here th e  E inste in  sum m ation  ru le  is Implied. Note th a t  th e  coefficient C, Is always 
coupled w ith V • V. T hus the  term s Involving £ will exhibit a  re so n an t behavior only 
a t the  cu sp  resonance; see (4.19). Based on the  re su lts  of th e  previous section, we 
s u rm ise  th a t  £ will be u n im p o r ta n t a t  th e  Alfven re so n a n c e . T h is  will be 
dem onstrated  below.
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We will u ltim ately  be In terested  In th e  behavior of th e  energy-containing layer, 
w hich will be th in  if th e  viscosity is  sm all In a  sense  w hich will becom e apparen t as 
we proceed. We therefore Introduce th e  approxim ation
v2 = i i
f y 2  (4.97)
The linearized y  m om entum  equation  th e n  h a s  th e  sam e form  a s  (4.88), If we now 
tak e
8Plot a  8Ptot + il ik  5VX - (C + 4ii/3) V • 5V (4.98)
As before, we take SPtot' approximately constant across the transition layer, and we 
treat SPtot' as a known quantity.
C onsider now the  effect of th e  £ term s. To do th is  we tak e  q = 0. We can  th en  
show  th a t  SVx h a s  th e  sam e form a s  (4.90), except th a t SPtot' Is given by (4.98) with q 
= 0. T hus the  £ term s do n o t affect the  s tru c tu re  of the  Alfven resonance, and  they are 
u n ab le  to  absorb  th e  energy w hich Is pum ped  in to  th e  re so n a n t layer so th a t  a 
m eaningful steady  s ta te  so lu tion  c a n  no t be obtained . We will therefore henceforth 
Ignore the  £ te rm s an d  take  £ = 0. However, it  shou ld  be bo rne  in  m ind  th a t  th e  £ 
term s will affect the cusp  resonance, b u t  th is  Is no t o u r focus.
The m om entum  an d  Induction equations can  be com bined into
lp0 k 2  A SV/co = V(SPtot - q ik  5VX + q V • 5V ) - q 325V/3y2  - kBox (4tcco)_I Bq V • SV (4 99)
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where we have used  (4.95), (4.97) and  (4.98) w ith £ = 0. We are  Interested in  the x  and  z 
com ponents of (4.99) In the  vicinity of the  Alfvenic resonance . By inspecting th e  x 
com ponen t we see th a t  th e re  are  two te rm s  on  th e  r ig h t-h a n d  side explicitly 
involving 8VX: nk 2  8VX and  - q 328Vx/3 y 2 . The form er term  will be neglected in  v irtue 
of assum ption  (4.97). Consider nex t the term  qV • SV. We are  assum ing  th a t  q is sm all, 
an d  if we agree to  drop any te rm s involving q 2, q3, etc., th e n  we can  u se  (4.19) to 
estim ate  th e  m agnitude  of qV • SV. It is th e n  easily  show n th a t  th is  term  ca n  be 
dropped com pared to  8P to t111 (4.99) if
We will assum e th a t  th is  is th e  case. The next s tep  is to  tak e  the  cross p roduct of 
(4.99) w ith  B 0 . We note, however, th a t  q 328 V /3 y 2 will be  im portan t only in  the  
energy-containing layer, which is th in . We can  therefore tak e  B0 to  be approxim ately 
co n stan t in  the  energy-containing layer, and  th u s
TJCO «  Po C (4.100)
(4.101)
The y  com ponent of the resu lting  vector equation  is  th en
Po jjy2
- k 2A) 8VX = - B oz ^Bto t 
P o B o (4.102)
Now since we are  in te rested  in  the  behav ior of (4.102) in  th e  vicinity of the 
resonan t field line, we write
- k 2 A =  2  f f l k v ^ y  (4.103)
w here we have arb itra rily  ta k e n  th e  re so n a n t field line to  be a t y = 0. We now 
introduce a  new independent variable
Y = - i y ( 2 k v Ax P0/ ti)1/3 (4.104)
Equations (4.102) and  (4.103) th e n  become
I?(-^T- - Y) 8V± = S 
3Y2 (4.105)
w here
Bo ri1/3  (2kpoVAx)2/3 (4.106)
Equation  (4.105) is a  new re su lt of th is  research  (Hollweg an d  Yang 1988). Since we 
are  now restric ted  to  the  vicinity of th e  resonan t field line, it shou ld  be  understood  
th a t  po, Boz, e tc ., signify th e  v a lu es  of th e  energy-con tain ing  layer, b u t  we are 
dropping the  subscrip t r  used  previously.
E quation  (4.105) is a n  inhom ogeneous Airy equation . It is equivalen t to  the  
"inner" equa tion  in  th e  m atc h ed  asym pto tic  ex p an sio n s  u se d  by o th e r  w orkers 
(Davila 1987; E inaudi and  Mok 1985; Mok and  E inaud i 1985). However, we did not 
u se  a  m atched  asym ptotic  expansion  explicitly. In stead , th e  m atch ing  to  a n  o u te r 
solution occurs autom atically  In v irtue  of o u r approxim ating SPtot' as  being co n stan t 
across the  th in  tran s itio n  layer. Moreover, (4.105) is second order and  autom atically  
e lim in a tes  two s p u rio u s  so lu tio n s  w h ich  a p p e a r  in  th e  m a tc h ed  asym pto tic  
expansions, w hich yield a fou rth -o rder inner equation. The w idth of the  in n er region 
is given by Y = ± 3i (see Figure 4.1) or
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Ay -  6 ( T ) / P o ) 1 / 3  (2kvAx)-1/ 3  (4  107)
Hollweg (1987b) d iscussed  in  detail a n  equation  w hich  w as form ally Identical to
(4.105). We will only sum m arize th e  re su lts  here. It is  found th a t  it convenient to 
w ork w ith th e  hom ogeneous solutions
UjfY) = Ai(Y) + 1B1(Y)
u 2 (Y) = Ai(Y) - 1B1(Y)
(4.108a)
(4.108b)
w here Ai an d  Bi are the  u su a l Airy functions. These functions are  chosen  because  
u i  (iX) decays as X -> + °o, while u 2  (IX) decays as  X The p a rticu la r so lu tion  to
(4.105) can  be found In term s of u i  and  U2  using s tan d a rd  m ethods. For the  boundary  
conditions. It is  noted th a t Y is a  s tre tched  coordinate, so th a t  large values of I Yl can 
correspond to  finite va lues of y. We can  therefore w ith  little erro r apply boundary  
conditions a t Y -> ±(i~). The b oundary  conditions are  sim ply th a t  5V_l rem ain  finite 
a t Y -> ±(i°°). The relevant solution is th en
U = A iBi(Y) + u x(Y) £  u 2 (s) ds - u2(Y) £  uj(s) ds 1Q9)
(see equation  (38) of Hollweg (1987b). The quantity  U h a s  been  defined as
U = 2i 5Vi/(jiS) (4 . 110)
E quation  (4.109) h a s  been  evaluated num erically by  Hollweg (1987b) and  th e  resu lts  
are  displayed in  Figure 4.1; th e  solid (dashed) line is th e  real (imaginary) p a rt  of U. 
Note th a t  these viscous term s do affect the s truc tu re  of the  Alfven resonance, and  it is 
now possible to find a  m eaningful steady sta te  solution.
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At large values of I Y l, the  solution behaves as
U ~ - 2i/(rcY) (4.111)
w hich Is displayed a s  the  dotted  line. This resu lt can  be  obtained  by  exam ining the  
asym pto tic  beh av io r of (4.109), o r by  in sp ec tio n  of (4 .105). E q u a tio n  (4.111) 
co rresp o n d s to the  "outer" so lu tion  in  a  m atched  asym pto tic  expansion , i.e., the
so lu tion  w here viscosity  is  un im portan t. However, (4.111) gives the  o u te r so lu tion
only in  the  neighborhood of the  resonan t field line, in  v irtue  of (4.103). The full ou ter 
solution is given by (4.22).
From  (4.106), we note th a t  the  m axim um  value of 5Vj_ scales a s  And from 
(4.98), (4.106), (4.107) an d  (4.110) we find th a t  the  v iscous term  in  8Ptot' scales a s  
(k Ay) 2 SPtot : since Ay is  sm all by  a ssu m p tio n , th e  v isco u s te rm  in  SPtot' Is 
negligible. We can  now calcu late  th e  viscous heating  in  th e  energy-containing layer. 
We will assum e th a t  the system  is in  a  steady  state . Since th e  energy-containing layer 
is th in , the  viscous heating  will be dom inated by the  te rm s involving d/dy in  (4.96). 
The heating  will also be dom inated by  8VX, since th is  is th e  velocity which tries  to 
becom e singu lar a t  th e  Alfven resonance. T hus
Q = ti 05Vx/3y)2  (4 . 1 12)
The n e t heating  in  th e  energy-containing layer is
H “ i Z o < Q > dy (4.113)
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w here the  angle b rackets denote a n  average over x  or over cot, and  because the  layer is 
th in  we have w ith little erro r extended the  in tegration  lim its to  ± °o. Hollweg (1987b) 
carried  o u t th e  ap p rop ria te  in teg ral over th e  Airy fu n c tio n s  num erica lly  for th e  
incom pressible case. For th e  p resen t case  we have only to  m ake som e trivial changes 
in  th e  param eters. The resu lt is
H = xk  P2
4 Po vAx (4.114)
[See equation  (46) of Hollweg (1987b). Note, however, th a t  th e  in tegral here is twice 
the  value  given by th a t  equation . The reaso n  is th a t  Hollweg (1987b) considers  a 
s tand ing  wave, w hich requires separa te  averages over space and  tim e. For the p resen t 
case of the  propagating wave, we only average over space o r time.) We see th a t (4.114) 
agrees precisely w ith  (4.45) above. T his is  therefore one ju stifica tio n  for th e  sim ple 
m nem onic device u sed  in  section  4 .3  for ca lcu la ting  th e  ra te  a t w hich energy is 
pum ped into th e  energy-containing layer by  the  external surface wave.
Note th a t (4.114) does not con ta in  the  viscosity, q. Subject to the  assum ption  th a t 
the  energy-containing layer is th in  (i.e., sm all q), th e  system  a d ju s ts  in  su ch  a  way 
th a t  th e  h ea t d issipated  by viscosity  precisely m atch es  th e  ra te  a t w hich energy is 
pum ped into th e  resonan t layer. This is rem iniscent of shock  waves in  gas dynam ics, 
w here th e  s tru c tu re  of th e  sh o ck  is  de term ined  by v iscosity  (or o th er d issipation  
processes) b u t the  ne t en tropy  ju m p  ac ro ss  th e  shock  is independen t of viscosity. 
However, it shou ld  be borne in  m ind th a t th e  d issipation  m echan ism  m u st be able to 
absorb  the  energy which is pum ped into th e  energy-containing layer; th is  w as no t the 
case for the  q 0 term s or £ term s considered previously.
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Note also th a t  H = 2 E /td  (equation (4.48) et seq.). T h is close correspondence 
betw een the  heating rate  and  the Ideal decay ra te  w as no t noted by Davila (1987).
We have seen  th a t  In a  highly m agnetized plasm a, su ch  a s  the  so lar corona, the 
T| 0 te rm s In the  viscous s tre ss  ten so r are unable to  absorb  th e  energy which Is pum ped 
Into th e  Alfvenic energy-containing layer, and  infin ities occur In th e  s teady  sta te . 
The p lasm a m u s t find som e o ther d issipation  m echan ism  to absorb  the  energy. In 
principle, th e  rem ain ing  viscous term s, Involving T|i ... q 4 (Braginskii 1965), can  do 
th e  job , b u t they  are  very sm all in  th e  so lar corona. Implying a  very th in  energy- 
contain ing  layer w ith very large velocities In the  steady  sta te . Such  a  situa tion  would 
be suscep tib le  to  th e  developm ent of Kelvin-Helmholz Instab ilities In the  vicinity of 
th e  Alfven reso n an ce . In  th is  sec tion  we will sp e cu la te  th a t  Kelvin-Helm holz 
In s ta b ilit ie s  will becom e Im p o rtan t before th e  q i  ... q 4 te rm s, a n d  th a t  the  
Instab ilities will lead to  a n  eddy viscosity w hich m im ics th e  q -te rm s In the  classical 
viscous s tre ss  tensor.
To estim ate  th e  eddy viscosity  coefficient, qed. we proceed a s  follows. From  
Figure 4.1 we see th a t the  m axim um  value of I UI Is approxim ately 1 /2 , and  th u s
4 .6  KELVIN-HELMHOLZ INSTABILITIES
SVi tmax ~ n S / 4 (4.115)
Using (4.106), we find
(4.116)
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Now from  Brow ning an d  P riest (1984), th e  Kelvin-Helm holz grow th ra te , Ykh. is  
app rox im ate ly
Ykh = k y  SV±max/ 4  (4.117)
w here ky is  a  wave nu m b er associa ted  w ith  th e  sp a tia l scale  of the  velocity sh ears  
w hich are driving th e  instability. We take
ky«= 2jt/Ay (4.118)
w here Ay is given by (4.107). We now assum e th a t  Ykh  is  a  m easu re  of the  ra te  a t 
w hich  th e  Kelvin-Helm holz in sta b ilitie s  convert th e  energy  assoc ia ted  w ith  the  
velocity  (and  m agnetic) sh e a rs  in to  h e a t, p e rh a p s  v ia a  tu rb u le n t cascad e  as  
envisioned by  Hollweg (1984). T hus
Q=»YKHPo5Vi^nax2/2  (4.119)
w here the  factor 2 in  the  denom inator is obtained from  crudely  averaging 5V±2 across 
th e  inner region (see Figure 4.1). Note th a t  (4.117)-(4.119) give
Q -  (Jt/4) po SV±,max3  /Ay (4.1 2 0 )
w hich h a s  th e  functional form  expected for a  Kolmogorov cascade. If we now take
Q Ay = H, where H is given by (4.114), and  use  (4.116), we obtain
T l e d  =  — — —256 BOVax (4_121)
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Note th a t  Tied is  proportional to  P, w hich Is a  m ea su re  of th e  am plitude of the  
external surface wave. T hus SVj^nax «  P2/ 3, and  Ay oc p i / 3.
For com pleteness, we note th a t, apart from  the  num erical factor, (4.121) can  also 
be obtained via a  different procedure. From  (4.22), we have n ea r the  Alfven resonance 
(arbitrarily  placed a t  y  = 0 ):
P o 8v j y ) - - % * — ? —
° 2  v ^  y  (4 .1 2 2 )
We a ssu m e  th a t  th e  Kelvin-Helmholz In stab ilities  lead to  convective "rolls" which 
tra n sp o rt tran sverse  m om entum  across the  surface y  = 0  a t  a  ra te  corresponding to 
8VX. T hen  the  ne t m om entum  flux across y  = 0, originating a t  y  = ±e, is 2 p0 (8Vx(e))2 . 
If we equate  th is  flux to T|ed Vx(e)/e, we obtain
Hed = f
°  vAx (4.123)
w hich is som e eight tim es larger th a n  the  resu lt given by (4.121). In w hat follows we 
shall use  (4.121).
4 .7  A  NUMERICAL EXAMPLE
Even though  th e  above analysis a ssum es slab  geom etry, we sha ll here Illustrate 
th e  foregoing ideas u sing  num bers appropriate  to so lar coronal active region loops, 
for w hich toroidal or cylindrical geom etry m ight be m ore appropriate . The loop can  
in  lowest order be assum ed  to  be a  cylinder of length  L, w ith  B0 along the  axis of the  
cylinder. If the  loop is sh ak en  b a c k  and  forth , th e  wave n u m b er transverse  to  B0,
deno ted  k x, will be kx= 2 /D , w here D is th e  loop's d iam eter. A coronal loop can  be
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regarded a s  a  resonan t cavity, and  th e  wave num ber along B 0, denoted kg, is kjj = tc/L 
for th e  fundam ental resonance. T hus kx/k|| = 2L/(nD). Since L /D  =10 by observation, 
th e  p ropagation  is nearly  perpend icu la r to  B0 a n d  we will u se  the  approxim ations 
following inequalities (4.62).
The nu m b er of w avelengths traversed  by th e  wave in  one dam ping tim e is given 
by  (4.69). We take  L = 105  km , D = 104  km , an d  th u s  k  = 2 x  10 ' 4  km "1 for th e  
fu n d am en ta l resonance . We will a ssu m e th a t  th e  density  co n tra s t in  th e  loop is 
Pol / Po2 = 3. If the  th ickness of the  tran sitio n  layer is assum ed  to  be one-fifth of the 
loop d iam eter, i.e., T  = 2000  km , we find kVxotd/27t=  2 , i.e., th e  waves are very 
effectively dam ped  w ith  a n  e-folding tim e of only two wave periods. T h is rap id  
d am ping  of th e  su rface  wave in d ica tes  th a t  reso n a n c e  ab so rp tio n  is a  viable 
c a n d id a te  for coronal heating . However, o u r  a ssu m p tio n  th a t  cotd »  1 is only 
m arginally  satisfied  for th is  case.
If th e  m agnetic field streng th  is taken  to  be B0  = 50 G, bo th  inside and  outside the 
loop, we have Box = k,, B0/ k  =7.8 G. If p0 i=  5 x  10"15  gm  cm "3 (corresponding to  a  
p ro ton  concen tra tion  of 3 x  109  cm"3), we have Vxo= 381 km  s  _1, the  period of the 
fundam ental resonance is 82 s, and  I Al= 2 x lO "13 in  cgs u n its  (equation (4.66)).
We now assum e th a t  the  p lasm a is moved with a  velocity am plitude of 30  km  s"1. 
w hich is a  typical " turbulen t velocity" observed in  th e  so lar corona. If we take th is  to 
be 5Vy,surf, we have (equation (4.55)) a k  Vxo = 30  km  s "1 an d  th u s  a  = 394  km. From 
(4.65a), the  am plitude of the  to ta l p ressu re  pertu rbation  a t th e  surface is P = 0 .19 dyn 
cm"2 ; since B02 / 8 n = 100 dyn cm"2, we see th a t  th e  to ta l p ressu re  fluctuations are a 
very sm all fraction of the  background. From  (4.64), th e  in tegrated  wave energy is E = 
1.5 x  107  ergs cm"2. The in tegrated  heating  ra te  due to  resonance absorp tion  is H =
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2 E /ta ; since td= 2 x  82 s, we find H = 1.8 x  105  ergs cm "2  s ' 1. If the  resonan t layer is 
n e a r  the  ou ter edge of the  loop (G rossm ann an d  Sm ith  1988), and  if  we assum e th a t 
th e  energy  w hich  is  deposited  in  th e  r e s o n a n t lay e r is  som ehow  d is tr ib u te d  
uniform ly th roughou t the  volum e of the  loop, we find a  n e t volum etric heating  ra te  
of 4H /D  = 7.2 x  10"4  erg cm "3  s  _1. This value is only slightly sm aller th a n  the  energy 
w hich  is  needed  to  ba lance  th e  optically th in  rad iative lo sses ou t of th e  coronal 
p lasm a. For a  tem pera tu re  of 2 x  106  K, th e  radiative lo sses are  10"2 1 -9  r^ 2 (in cgs 
units) where rie is the  electron concentration. If n^ = 3 x  109  cm"3, the  losses are 1.1 x  
10"3  erg cm "3  s"1.
Proceeding along the  above lines, we c a n  show  th a t  th e  average volum etric 
heating  scales a s
N T B 0(Z poI) 1 / 2 8 v £  l P o l  - P o 2 l
i i . oe    J .........
D L D Z p oi (4.124)
where N is the  order of the  loop resonance, i.e., N is th e  integer num ber of half-wave 
leng th s w hich fit in to  the  loop length  L. T h u s  larger volum etric heating  ra te s  are 
ob ta ined  for th e  h igher-o rder reso n an ces, for s tro n g e r m agnetic  fields, for m ore 
v igorous shak ing , a n d  for m ore com pact loops. T h is  la t te r  a sp ec t Is p articu la rly  
im p o rta n t in  view of P a rk er 's  (1986) rem a rk  th a t  "one of the  m ore a s to n ish in g  
fea tu res  of the  active corona ... is th a t th e  surface b rig h tn ess  of the  active regions is 
approx im ately  ind ep en d en t of th e  d im ensions, from  th e  sm all ephem eral active 
region w ith a  characteristic  scale L = 104  km  to the  large norm al active region w ith a 
c h a ra c te ris tic  scale  L = 105  km  or m ore." Note th a t  th e  su rface  b rig h tn ess  of a 
reso n an tly  h ea ted  coronal loop shou ld  scale  a s  H, w hich sca les a t T /L  if all o ther 
th in g s  a re  equal. If th e  tra n s itio n  layer th ic k n e ss  T sca les  linearly  w ith  loop
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dim ension L, th e n  the  surface b righ tness will be in dependen t of size, in  accordance 
w ith  Parker's  rem ark .
These num erical estim ates show  therefore th a t  resonance  absorp tion  is a  viable 
possibility for coronal heating. The sam e conclusion w as reached  by G rossm ann and  
S m ith  (1988) v ia  a  nu m erica l s tu d y  w hich  ta k e s  th e  cy lindrical geom etry in to  
account.
C ontinuing o u r num erical estim ates, th e  eddy viscosity  is  given by (4.121) w ith 
B0z “ B0 an d  v ^ ' = 2 k (p0i -  p02> Vxo3/(T  Box2) = 9 .5  x  10"2 / s .  We obtain  Tied = 0-24 in 
cgs u n its . The th ic k n e ss  of th e  energy-con tain ing  lay er is  th e n  Ay = 3450  km  
(equation (4.107) w ith  pQ= T poi/2 ). T his com putation  co n ta in s  som e good new s and  
som e bad  news. The bad  new s is th a t  the  th ick n ess  of the  energy-containing layer is 
n o t sm all com pared  to  th e  th ic k n e ss  of th e  t ra n s it io n  layer, a s  we have been  
assum ing. T hus if o u r estim ate of the  eddy viscosity is  n o t grossly flawed, th e n  all of 
o u r preceding d iscussion  h a s  to  be  viewed a s  c rude  es tim ates  a t best. This com m ent 
applies also to th e  re su lts  of o ther w orkers (e.g., Davila 1987; G rossm ann and  Sm ith 
1988) who also assum e (implicitly) th a t  the  heating  occurs in  a  very th in  layer. B ut 
th e  good new s is  th a t  th e  energy w hich is deposited  in  th e  loop by reso n an ce  
absorp tion  m ay in  fact be  deposited over a  su b s ta n tia l frac tion  of the  loop volume. 
This s ta n d s  in  significant co n tra s t to  previous s tu d ies  of resonance  absorp tion  (e.g., 
lonson  1978), in  w hich th e  energy w as found to  be deposited  in  a n  extrem ely th in  
layer, and  it w as unclear a s  to  how the  energy could be reapportioned into the  loop as 
a  whole.
Finally, we use  (4.116) to  estim ate SVXjIiax. Taking Boz = B0 we obtain 5Vlmax =41 
k m /s . T his value is only slightly larger th a n  th e  30  k m /s  velocity im posed a t the
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surface. In v irtue of the  ra th e r  large value which we obtain  for the  eddy viscosity. B ut 
o u r estim ate of 8Vlm ax Is very close to  the  m easured  "turbulent" velocities of 20 - 50 
k m /s  reported by Saba an d  Strong (1991) for a  quiescent coronal active region.
T hus coronal heating  by resonance absorp tion  of Alfvenic surface waves appears 
to  be consisten t with a  variety of data , If the  u ltim ate  d issipation  of energy into h ea t 
Is m edia ted  by a n  effective eddy viscosity  (or, equivalently , a  tu rb u le n t cascade) 
associated  w ith Kelvin-Helmholz instab ilities in  the  vicinity of th e  reso n an t layer.
4 .8  SUMMARY AND DISCUSSIO N
In  th is  ch ap te r we considered MHD surface waves w hich are supported  by  a  th in  
tra n s itio n  layer sep ara tin g  two reg ions of uniform  p lasm a and  m agnetic  field. We 
focussed a tten tion  on the  behavior inside the  tran s itio n  layer. We pointed out th a t  
th e re  is  a  u se fu l approx im ation  w hich  c a n  be  u se d  if  th e  tra n s itio n  layer is 
sufficiently th in  so th a t  i ts  inertia  ca n  be neglected com pared to  the  inertia  of the  
p lasm a which is moved in  the  two uniform  regions by the  ex ternal surface wave. The 
approxim ation is th a t  the  to ta l p ressu re  fluctuations, SPtot. can  be tak en  to be nearly 
c o n s ta n t ac ro ss  th e  tra n s itio n  layer, w ith  a va lue  n ea rly  th e  sam e a s  w ould be 
obtained  if th e  wave were supported  by  a  tru ly  d iscon tinuous surface. We therefore 
regarded SPtot a s  known, and  the  p lasm a and  field equations in  the  tran sition  layer 
were cast into a  form  in  which SPtot appeared  a s  a  driving term .
In the  absence of dissipation, we found two singularities which can  appear in  the 
tran sitio n  layer. The cusp  singularity  occurs w here a>2/k2 = v s 2  vax2 /(v a2  + vs2) . The 
Alfven singularity  occurs w here co2/k2 = v^x2- The quan tities  8p. 8 p, V • 8V , 8V ||and  
8B|| become singu lar a t th e  cu sp  resonance, while SVj. an d  SBx are  s in g u la r a t the
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Alfven resonance ; th e  su b sc r ip ts  para lle l a n d  p e rp e n d icu la r  refe r to  d irec tions 
parallel an d  perpend icu lar to  B0, respectively, a n d  x  Is th e  propagation direction. In 
a low -beta p lasm a su c h  a s  th e  so la r corona, th e  cu sp  resonance  is  u sually  no t of 
in te res t, b e cau se  it o ccu rs  only for slowly p ropaga ting  w aves w hich  carry  little 
energy. (On th is  point we disagree with Rae an d  Roberts (1982), who suggested th a t  the  
cusp  resonance could be an  im portan t fac to r in  coronal heating.) We therefore gave 
only cu rso ry  a tten tio n  to th e  c u sp  resonance, b u t  it cou ld  be im portan t in  regions 
w here th e  p lasm a  b e ta  is n o t sm all su ch  a s  pho tospheric  m agnetic  flux tubes , the  
in te rp lane ta ry  sec to r boundaries, or th e  n e u tra l sheet in  th e  geom agnetic tail. Since 
5V|| is s ingu lar a t  the  cu sp  resonance  (in th e  absence of viscosity) it  is tem pting to 
specu la te  th a t  th e  cu sp  resonance  could be th e  cause  of field-aligned je ts , such  as 
so lar spicules.
We noted  th a t  the  appearance  of singularities in  th e  tran s itio n  layer implies th a t 
th ere  a re  really  no  norm al m odes. If there  is no  d issipa tion , th e  ex ternal surface 
wave decays a n d  its  energy re a p p e a rs  in  th e  re s o n a n t layer. T h u s  it becom es 
necessary  to solve som e su itab le  initial-value problem . We found th a t  tak ing  SPtot to 
be know n m ak e s  th e  in itia l va lue  p rob lem  a lm ost triv ia l, s in ce  th e  re levan t 
equations boil down to  th e  equations for a  driven harm on ic  oscillator, w ith SPtot as  
th e  driving term . B ased  on  a  detailed  s tu d y  of a  w ell-fo rm ulated  in itia l va lue  
p roblem  (Hollweg 1987a), we p resen ted  h e re  a  sim ple  m nem onic a lgorithm  for 
calcu lating  th e  ra te  a t  which energy is pum ped ou t of th e  decaying external su rrace  
wave a n d  in to  a  very th in  region su rround ing  th e  re so n a n t field line; the  m ethod is 
easily generalized to  cases  w here there  is  m ore th a n  one re so n a n t field line in  the  
tran sition  layer. E quation  (4.45) is the  resu lt for th e  Alfven singularity , and  (4.82) is 
for the  cusp . We could also provide a  convenient e s tim ate  of th e  th ick n ess  of the
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re so n a n t layer w hich co n ta in s  all th e  energy a fte r th e  ex te rnal su rface wave h a s  
decayed away; see (4.44) an d  (4.81) for the  Alfven an d  cu sp  singularities, respectively.
The energy density  ca n  becom e very large In  th e  energy-containing layer, and  
one shou ld  be careful to check  th a t  the  assum ed  linearity  of the  equations does not 
b rea k  down. If linearity  were to  be violated, th e n  th e  behav ior of th e  reso n an t layer 
will no t be well app rox im ated  a s  a  h arm on ic  o sc illa to r w ith  c o n s ta n t re so n a n t 
frequency; In a  genera l sen se , th e  re so n a n t frequency  will be a  function  of th e  
fluctuating  field an d  flows In th e  layer. T he exact resonance  will be destroyed, and  
the  reso n an t bu ildup  of energy In the  energy-containing layer will e ither slow down 
or cease altogether, and  so too will the  decay of the  external wave. On the  o ther hand , 
even linear d issipation , o r no n lin ea r d iss ipa tion  a s  d iscu ssed  in  section  4.6, could 
keep the  field and  velocity fluc tuations a t a  sm all enough level so th a t  th e  resonan t 
frequency is no t appreciably modified by n on linear effects. T his seem s to  be the  case 
In th e  so la r corona, w here th e  observed velocity flu c tu a tio n s  a re  alw ays no m ore 
th a n  a  few percent of vA.
After considering d lssipation less sy stem s via Initial va lue  problem s, we tu rn ed  
to  system s with viscous d issipation, for w hich s teady  s ta te  so lu tions can  In principle 
be  found. S u rprising ly , th e  q 0 te rm s  In th e  v isco u s s tr e s s  te n so r  for a  highly 
m agnetized p lasm a, an d  th e  b u lk  v iscosity  te rm s  in  th e  c lassica l v iscous s tre ss  
ten so r (i.e., the  term s involving V • V), were found to  leave th e  s tru c tu re  of the  Alfven 
resonance unaltered , and  steady  s ta te  so lu tions could  n o t be found. In  effect, these  
viscous term s can  no t absorb  th e  energy w hich is pum ped  in to  th e  Alfven resonance 
by the  external surface wave. The q 0 and  b u lk  viscosity te rm s c a n  alter the  s tru c tu re  
of the cusp  resonance, however, b u t we did no t p u rsu e  th is  point.
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The Alfven resonance  is  a lte red  by  th e  c lassica l s h e a r  v iscosity  te rm s. W ith 
som e approxim ations, we found th a t th e  ne t viscous heating  in  the  energy-containing 
layer w as independent of q , a n d  th a t th e  heating  precisely balanced  th e  ra te  a t which 
energy is pum ped into the  layer. This agrees with Ionson 's (1978) conjecture. B u t if q 
is n o t sm all enough to  confine the  heating  to  a  very th in  layer, th en  fu rth e r analysis 
is requ ired . It seem s likely th a t  th e  in teg rated  hea ting  ra te  in  th e  re so n a n t layer 
could th e n  depend on q , b u t  the  po in t rem ains to  be dem onstra ted  analytically. We 
note also th a t  o ther w orkers (e.g., Davila 1987; G rossm ann  and  Sm ith 1988) have 
implicitly assum ed  th a t  q is sm all, a n d  th e ir re su lts  could  also  require m odification 
If q is no t small.
This problem  h a u n te d  u s  in  sections 4 .6  and  4.7, w here we suggested th a t  the  
velocity sh e a rs  ac ro ss  th e  energy-con ta in ing  layer cou ld  drive Kelvin-Helm holz 
instab ilities, w hich could in  tu rn  provide a n  effective eddy viscosity  to  th a t  region. 
Moreover, th e  Kelvin-Helmholz in stab ilities  m ight m ed ia te  a  tu rb u le n t cascade  of 
energy to sm aller scales where tru e  d issipation into hea t could occur; see (4.120). The 
problem  w as th a t  w hen  we cam e to  estim ate  th e  eddy viscosity  in  th e  corona, we 
found th a t it w as n o t small, a s  assum ed  in  the  analysis. T his again po in ts tow ard the 
necessity  of a n  analysis w hich Includes th e  effects of large q . B ut if S teinolfson’s 
(1985) w ork can  be used  a s  a  guide, o u r  analysis h a s  if anyth ing  underestim ated  the  
dam ping rate  and  the  p lasm a heating, so resonance absorp tion  still appears to be an  
appealing m echan ism  for p lasm a  heating . However, th ere  are  favorable fea tu res  of 
having a  large eddy viscosity; (1) The predicted  m axim um  velocity fluc tuations in  the  
corona are in  accord w ith observations of non therm al "turbulent" velocities, an d  (2 ) 
the  h e a t m ay be deposited  over a  su b s ta n tia l fraction  of a  coronal loop s tru c tu re , 
ra th e r  th a n  in  a  very th in  sheet a s  w as the  case in  previous discussions.
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There is  a n o th e r fea tu re  ab o u t resonance abso rp tion  th a t  seem s to fit th e  so lar 
coronal d a ta . P arker (1986) h a s  em phasized th a t  th e  su rface  b rig h tn ess  of coronal 
loop s tru c tu re s  seem s to  be ra th e r  in d ep e n d e n t of loop size. Now reso n an ce  
absorp tion  is basically a  surface phenom enon in  the  sense th a t  h ea t is deposited into 
layers, a t least w hen  r] is  sm all. We have show n via sim ple num erical estim ates th a t  
th e  surface heating  from  resonance  absorp tion  shou ld  be reasonab ly  independent of 
loop size. As fa r a s  we a re  aw are, resonance  abso rp tion  seem s to  provide th e  only 
n a tu ra l  exp lanation  of th is  observation.
O ur analysis is lim ited by having tak en  th e  background  flow to be zero. In  the  
n ex t two c h a p te rs , we p la n  to  investigate  th e  effects o f velocity sh e a rs  on  the  
reso n an ce  ab so rp tio n  p rocess. It is  tem pting  to  sp ecu la te  th a t  Kelvin-Helmholz 
in stab ilities  can  be affected by  th e  dam ping effect of resonance  absorp tion  (Hollweg 
e t al. 1990; Yang an d  Hollweg 1991).
Finally, th e  m ethods an d  ideas  u sed  in  th is  c h a p te r  need  n o t be confined to 
surface m odes. R esonance absorp tion  can  occur In any  s itua tion  where to tal p ressu re  
f lu c tu a tio n s  are  im parted  to  field lines sa tisfy ing  th e  Alfven o r cu sp  resonance  
conditions. For exam ple, if  sou n d  waves im pinge on  a  b o u n d a ry  separa ting  a  field- 
free region from  a  region con tain ing  a  m agnetic field, it is  th e n  possible for them  to 
be partially  resonan tly  abso rbed  a t  the  boundary . T his p rocess m ay be relevant to 
th e  in terac tion  of so la r p-m odes w ith sunspo ts . (Hollweg 1988; S akurai 1991b).
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Fig. 4 .1 . T he re a l (solid) a n d  im ag inary  (dashed) p a r ts  of U(Y), a s  given by  
eq u a tio n  (4.109). The do tted  line is th e  asym pto tic  behav io r a t  large va lues of Y, 
given by (4.111).
CHAPTER 5
SURFACE WAVES IN AN INCOMPRESSIBLE FLUID: 
RESONANT INSTABILITY DUE TO VELOCITY SHEAR
5 .1  INTRODUCTION
Prior s tu d ies  of resonance absorption have assum ed  th a t  there  is  no background 
velocity sh ear in  the  plasm a; it w as th u s  possible to  work in  a  fram e in  which V0 = 0, 
w here V denotes the  velocity and  the subscrip t "0" denotes a  background quantity . In 
th is  chap ter, we in troduce  velocity sh ear and  investigate i ts  effects on the  ra te  of 
resonance absorp tion . As a prelim inary illu stra tion  of th e  general effects of velocity 
sh ear, we will consider here  a n  incom pressible fluid. The so la r a tm osphere  is no t 
in co m p ress ib le , b u t  we in v es tig a te  th is  c a se  b e c a u s e  it is  m u c h  s im p le r 
m a th e m a tic a lly  a n d  b e c a u se  it allow s co m p a riso n  w ith  a  n u m b e r  of o th e r 
incom pressib le  s tu d ie s  w hich  did n o t in c lude  velocity sh e a r . M oreover, p rio r 
experience h a s  show n th a t  th e re  are  m any  qua lita tive  sim ila rities  betw een  the  
incom pressible and  com pressible resu lts . We will extend o u r analysis to com pressible 
c a se s  in  th e  nex t ch ap te r. In  th is  chap ter, we again  a ssu m e  th a t  the  w aves are 
suppo rted  by th in  "surfaces." This allows u s  to  ob ta in  analy tical re su lts , w hereas 
num erical m ethods are required if the  "surfaces" are  not th in .
In troducing velocity sh e a r  into the  study  ca n  m ake a  qualitative difference. We 
will find th a t velocity sh e a r  ca n  either increase or decrease the  resonance absorp tion  
ra te  and  th a t  there  are  generally  certa in  values of th e  velocity sh e a r  for w hich the  
abso rp tion  ra te  is zero. The m ost in teresting  re su lt of th is  c h a p te r  will be the  fact
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th a t there  ca n  be resonances which do not absorb  energy from  the  surface wave, b u t 
ra th e r  give energy back  to  it, leading to  instability  even a t  velocity sh e ars  which are 
below th e  th resho ld  for th e  Kelvin-Helmholz instab ility  (Cadez an d  Gakovic 1988). 
T hese  re s o n a n t in s ta b ilitie s  a re  physica lly  d is tin c t from  th e  Kelvin-Helm holz 
instability, which is nonresonan t (Lee et al. 1988; Pu and  Kivelson 1983a, b).
The p lan  of th is  ch ap te r is a s  follows: In the  next section, we p resen t the  basic 
analytical re su lts  and  dem onstrate  th e  possibility of u n stab le  resonances w hen there  
is  velocity sh ear. In  section  5 .3 , we consider cases  w here the  density  (p0). the  
m agnetic  field (B0), and  V0 all vary  linearly across th e  "surface," and  we evaluate 
num erically  th e  properties of the  resonances for a  broad  range of param eters. R esults 
a re  sum m arized and  d iscussed in  section 5.4.
5 .2  BASIC EQUATIONS
We employ th e  sam e coordinate configuration as in  ch ap te r 4. We consider the 
am bient m agnetic field an d  th e  unpertu rbed  “surface” to  lie parallel to th e  x-z plane. 
The am bien t p lasm a and  field are steady  and  vary only in  the  y-direction. So the 
m agnetic field is th u s  B0 (y) = (Box(y), 0, Boz(y)). and  sim ilarly the  flow VQ(y) = (Vox(y), 
0 . Voz(y)). We shall also w ithout loss of generality take  th e  wave vector along the  x- 
direction, so th a t  all fluctuating wave quantities vary a s  f(y) exp (ik^x-lcot), and  9/3z = 
0. D issipation is ignored and  all u n its  are in  cgs units.
In  c h a p te r  4, we u sed  th e  lin ea r equations of m ass , m om entum , an d  energy 
conservation  w ithout velocity sh e a r  (VQ = 0). We have carried  ou t an  exactly parallel 
analysis for th e  case where V0 (y) * 0, and  we obtain  the  following two equations for 
8V y and  the to ta l p ressu re  perturbation , 8 P to t  [cf. equations (4.29) and  (4.30)]:
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i 8vy = i a . - c \  5?to.t . (j^c.) 5V ^Vox 
£2 y)  PoAC dy (5.1)
an d
SVv  = — *Q— dSp tot
(5.2)
' y -------- — 9 ,
PoAkx *
w here th e  prefix "8 " deno tes th e  flu c tu atio n s  assoc ia ted  w ith  th e  wave, Ptot = P + 
B2 / 87t is the  to ta l p ressure , p is m ass  density, and  we have defined
£2 = co - kjcVox ,
A = £22/kx2 - VAx2
(5.3)
(5.4)
C = VA2 + Vs2 - (kx2/£22 ) V ^ V s 2 , (5.5)
Va 2 = B02 /4 tcp0, (5.6)
Yax2  = Box2 /4*P0 . (5-7)
v s2 = 7Po/Po . (5.8)
with y  th e  u su a l specific h ea t ratio so th a t Vs is the  sound  speed. W hen A = 0, we have 
th e  "Alfven singularity," and  w hen C = 0  we have the  "cusp singularity." E quation (5.1) 
can  be rew ritten as
5Ptot = -_-B oA C —  3 ^
(£2 /k 2 - C) 9y (5.9)
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w here % is th e  y -d isp lacem en t of a  p lasm a parcel, i.e., £, = i 8Vy /£2. C om bining 
equations (5.2) and  (5.9) th e n  gives
^  £i - k=c 3y  (510l
an d
—  ( - l - 38Ptot) + Q2 ~ kx c  gptot = o  f
9y PoE 3y Poe<^  (5.11)
E quations (5. l)-(5 .11) a re  valid for a fully com pressib le p lasm a. We ob tain  the  
incom pressible limit by  letting  Vs 2  -> There resu lts
5Ptot = P o A ^ - .
and
dy  (5.12)
4 -  (po e p J  '  Po e % = 0  •dy dy (5.13)
w here e = kx2A; i.e.,
e = ( 0) - k x Vo x )2 - kx2 V p J  . (5.14)
Let th e  region y  > a  be denoted by  subscrip t "1" an d  th e  region y  < - a  be denoted 
by su bscrip t "2 ", an d  assum e th a t  the  p lasm a is uniform  in  each of those  regions. 
Then, from equation (5.13), we have
= c i  exp[- k(y - a)I , (5.15a)
%2 = C2 exp[+ k(y + a)] , (5.15b)
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where c j and  C2  are constan ts, and  k  = I kx l . Note th a t  we are restricting a tten tion  to 
surface waves which decay away from the "surface" in  - a  < y  < a.
We have assum ed  th a t  the  "surface" is th in  so th a t SPtot is nearly  constan t across 
it. Equation (5.12) th en  yields
p0 e ^ 3 .  = c 3 .
3y (5.16)
w here th e  su b sc rip t "3" deno tes th e  region - a  < y  < a  an d  c '3 is a  co n s ta n t. 
(Alternatively, equation  (5.16) follows from  equation  (5.13) if we tak e  3/3y = 0 (a _1) 
and  drop the  las t term , which is of order kx 2  a 2 «  1.) Thus,
§3 = c3 + C3 K  (p0 e)"1 dy , (5.17)
We now u se  th e  boundary  conditions th a t both  4 and  SPtot are con tinuous a t y  = - 
a  an d  a t  y  = a; the  la tte r  im plies th a t  pQ e 3!j/3y is con tinuous, by  v irtue of equation  
(5.12). These conditions imply th a t
D(<», kjj.) = 0 , (5.18)
w here <b = cor  + Icoi and
D = pi ej + p2 £2 + pi p2 ex E2 k f  (p0 e)'1 dy (5.19)
(we have dropped some "0" subscrip ts  to save writing). E quations (5.18) and  (5.19) can  
be though t of a s  a  dispersion relation for the  surface wave, b u t we will have m ore to 
say  abou t th is  later.
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If a  = 0, we recover the  s tan d a rd  dispersion relation for a  surface wave on a  true  
d iscontinuity: I.e.,
P i e i  = - p 2 e2 . (5.20)
If we w ork In th e  fram e In which V0x2  = 0. we have
w here
= r  Vx l ± [r(l - r) (1 - V^ ) ] 1/ 2  .
VKH (5.21)
r  = Pl , Vxl =
Pl + P2 VKH
and  Vr h  Is th e  m agnitude of th e  velocity sh e a r  required to drive th e  Kelvin-Helmholz 
Instab ility  ‘given by
\r2 _ BqXi + 13^2
™  4jc (p! + p2) r  (1 -r) (5.22)
If IVoxi I exceeds Vr h . th en  © becom es complex In (5.21), Implying an  u nstab le  root 
for a>. E q u a tio n  (5.22) is  va lid  only for th e  in co m p ressib le  p lasm a . We will 
h e n c efo rth  confine  o u r  a tte n tio n  to  IVx i I < 1, so  th a t  th e  Kelvin-Helmholz 
in stab ility  does n o t occur. If "a" is  sm all, th e n  th e  d isp e rs io n  re la tion  is  still 
ap p ro x im ate ly  g iven  by  e q u a tio n s  (5.20) o r (5 .21), b u t  © a c q u ire s  a  sm all 
(proportional to  "a") im aginary p a rt due to poles in the  in tegrand  in  equation (5.19).
O ur ana lysis  is very  sim ilar to  the  derivation o f L andau  dam ping in  p lasm a 
physics. We develop a  Taylor series for D(a, kx) about © = ©r :
D(©, kx) = D(©r, kx) + © jO D /a w j)^  + . (5.23)
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In  calcu lating  D(<or , kx) we have to  deal w ith th e  poles in  th e  in tegrand  in  equation 
(5.19) which are now on  the  real axis. Rewrite
e(cor . 1^ )  = (cor - kxVsx) (cor  - kxVdx) (5 .2 4 )
w here Vsx = Vox + Yax a n d  = Vox - Vax ■ The poles o ccu r where co/kx - Vox = 
± Vax. and  the  su rface wave is  th en  locally in  resonance  w ith slow-mode waves. To 
follow a  specific case, assum e th a t we are  dealing w ith a  single pole for which cor  - Ic  ^
V sx = 0 . S ince Vsx is  a  fu n c tio n  of y, we c a n  regard  all q u a n titie s  a s  im plicit 
functions of Vsx , ra th e r  th a n  of y. T hen  in  th e  vicinity of th a t  pole, we rew rite the  
in tegral as
 1 J  dVgy/1 dVgx/ dy I
cor  kx Po (1 - kx Vdx/Wr) (Vsx - o)r/kx) * (5 25)
w here the  integral is to  be carried  out in  the  sense of increasing Vsx. The integral will 
consist of a  real principal p art, p lu s  a n  im aginaiy  p a rt w hich is given by  th e  Landau 
p rescrip tion  for going a ro u n d  the  pole on  th e  rea l axis. From  th is  procedure , we 
o b ta in
f a (p0  e) -1 dy = PP - (-&i-) [Pol dVgx/dy I (1 - J ^ ) ] ' 1 .
“ r k  sx (5.26)
w here "PP" s ta n d s  for the  (real) principal p a rt an d  the  q u an tity  in  b rack e ts  is to  be 
evaluated  a t  th e  location  of th e  resonance  w here Vsx = <or/kx . If the  pole is one for 
w hich cor  - kx Vdx = 0 . th en  we sim ply in terchange th e  s  a n d  d subscrip ts  in  equation  
(5.26). If there  is  m ore th a n  one pole, we sim ply add  u p  th e ir  respective contribu tions 
to  equation (5.26).
Consider next the second term  on the  righ t-hand  side of equation (5.23). We have
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,, 3D r^ Dr . 3DhC0 | -----= COj (---- 5- + i  4  .
3©i 3(0} 3©! (5.27)
From  the  Cauchy-R iem ann equations, we th en  have
,, 3D f3Dr 3Dn©J  ---- = COj (—X + i —X.).
3©! 3©t 3©r (5.28)
E quating the  real an d  lm aglnaiy p a rts  of equation (5.23) to  zero th e n  gives
(Pi E1 + P2 + Pi P2 fel e 2 ) co= cd,. k  (pp) + “ i ODr / 3 (Bl)©=(Blr = 0  • (5 .
and
29)
“ 1 = it P i P2 <el  Po 1 d ^ b c /d y  I t 1 - ^ “ M'1 .
3o)r  v lx (5.30)
w here S  deno tes a  su m  over the  resonances a n d  (1 . m) deno tes (s, d) o r (d, s), 
depending  on  w h e th e r ©r - kx Vsx = 0  o r ©r - Vdx = 0. respectively. Since ©i is
sm all If a  Is sm all, we drop th e  last term  In equation  (5.29), w hich is proportional to 
©i a. Similarly, the  principal p a rt appearing in  equation  (5.29) will be sm all if k a  is 
sm all, and  we drop the  second term  in equation (5.29). E quation  (5.29) th en  yields the 
sam e value of ©r a s  w as obtained for a  surface wave on  a  tru e  d iscontinuity ; see 
equations (5.20) and  (5.21). The growth rate  is given by equation  (5.30). Taking
Dr = (pi ej + p2 £2 )©=^
th e n  yields
©i = jt (pj e!/2k)2 (pj + P2)'1 E [po I dVjx/dyI (Vq*. - ©/kx) (co/k^m .]'1 , (5 31)
where (©/kx)c.m. Is the  phase velocity in  the  center-of-m ass fram e; i.e..
where
^v x =  'VckI - V o^ I / V kh (5.33)
an d  th e  "±" here  represen ts th e  sam e choice a s  in  equation (5.21).
If there  is  no velocity shear, th en  we can  always find a  fram e in  w hich Vox(y) = 0 
and  equation  (5.31) yields the  resu lt th a t coi is negative, im plying decay of the surface 
wave. In  th is  case , we have verified th a t  equation  (5.31) y ields precisely th e  sam e 
decay ra te s  obtained previously by Lee and  R oberts (1986) for a  special case and by 
Hollweg (1987a) for m ore general s itua tions. However, it is  im portan t to recall th a t 
those  p ap e rs  show ed th a t  - oh canno t be th o u g h t of a s  the  decay ra te  of a norm al 
m ode, w hich w ould imply by definition th a t  eveiything decays everywhere a t the  
sam e rate . R ather, - toj w as show n to represen t the  ra te  a t  w hich energy is transferred  
from  th e  surface wave (in lyl > a) into th in  "energy-containing layers" in  the vicinity 
of th e  reso n an t field lines, w ith energy being conserved globally. T hus, even though 
we have been  treating  equations (5.18) and  (5.19) a s  a  dispersion relation, it should  be 
bo rne  in  m ind  th a t  - toj really  rep re sen ts  th e  ra te  of tra n s fe r  of energy from  the  
global surface wave to  the  vicinity of the  resonan t field lines.
If th ere  is a  velocity shear, th e n  equation  (5.31) show s th a t  the  resonances can  
m ake a  positive (unstable) con tribu tion  to  a>i as po in ted  o u t by  Cadez and  Gakovic 
(1988). (Lau a n d  Liu (1980) considered a  sim ilar problem  for B 0  = co n stan t b u t
concluded  th a t  th e re  w as no  shear-flow -generated  in stab ility  relevant to tokam ak  
conditions.) For exam ple, if we take  (co/kx)c.m . > 0 , th e n  a n  u n s tab le  con tribu tion  
re su lts  if Vox > co/kx on th e  reso n an t field line. Evidently, energy is th e n  extracted 
from  th e  flow in  the  vicinity of the  re so n a n t field line. If th e  sum  over all the
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resonances  in  equation  (5.31) yields a  positive value for o)i, th e n  the  global surface 
wave will be unstab le . If the  sum  yields a  negative value for a>i, th en  the  surface wave 
decays. In  b o th  cases , th e  ind iv idual re so n a n t field lin es  g a in  o r lose energy 
depen d in g  on  w h e th e r  th ey  m ake  a  negative o r positive  c o n tr ib u tio n  to  ©i, 
respectively.
This com pletes th e  analytical d iscussion . We shou ld  m ention , however, th a t  ou r 
an a ly sis  fails if th e  pole in  in teg ra l (5.25) is of second  order; i.e., if Vsx = V dx 
im plying V^x = 0  on  th e  resonan t field line. In th a t  case, I coj I a s  given by equation
(5.31) becom es infinite (because Vox - (o/kx = ± Vax on th e  resonant, field line), and  so
too does th e  p rincipal p a rt  in  equation  (5.29), b e c au se  th e  lead te rm  in  a Taylor 
expansion  for e is proportional to  (y - yres)2 - The fact th a t  o u r analysis fails w hen 
Y ax = 0 he., w hen  k  • B0  = 0 , m eans th a t  we can n o t tre a t effects rela ted  to m agnetic 
tearing , w hich occurs in  the  presence of electrical resistiv ity  in  the  vicinity of layers 
w here k  • B0 = 0. O ur w ork is th u s  com plem entary to  previous s tud ies  of the  effects of 
velocity sh e a r  on the  tearing mode, b u t th ese  s tu d ie s  did n o t consider the  instability  
found in  o u r  work, which ignores effects of resistivity  (or viscosity) (see E inaud i an d  
R ubin i 1986; H ofm ann 1975; Paris and  Sy 1983; W ang, Lee, an d  Wei 1988, and  
references therein).
O ur analysis also fails if dVgx /d y  = 0  o r dVdx /d y  = 0  on the  resonan t field line, 
in  which case  the  pole is  again second order. Inspection  of equation (5.31) show s th a t 
I coi I becom es infinite, and  again th e  principal p a r t  does so  also. In  bo th  situa tions, 
o u r  original expansion  (equation (5.23)) an d  th e  a ssu m p tio n s  u sed  in  sim plifying 
equation  (5.29) fail. However, we will no t deal explicitly w ith  these special cases here. 
Instead , we will m erely note th a t we can  force o u r  ana ly sis  to  apply arb itrarily  close 
to  these  special po in ts if we take k a  sm all enough. Finally, we note th a t o u r analysis
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also  falls, an d  I toil becom es Infinite In eq u a tio n  (5.31), w h en  (a)/kx )c<m. = 0. 
E quations (5.32) an d  (5.33) show  th a t  th is  occurs as  the  Kelvin-Helmholz instability  
th resho ld  is approached. However, we c a n  in  principle m ain ta in  th e  validity of the  
analysis below th resho ld  by keeping ka sufficiently sm all.
However, if viscosity  o r resistiv ity  are  in troduced , we can n o t alw ays m ain ta in  
th e  validity of o u r analysis by  m aking k a  a rb itra rily  sm all. The reaso n  for th is  is 
th a t  th e  s in g u la r behav ior in  th e  vicinity of th e  poles is th e n  governed by  th e  
d issipation  over a  finite range of y  which is proportional to  q 1/3, where q denotes the 
v iscosity  or resistiv ity  (Davila 1987). If th e  poles get so close together th a t  these  
regions overlap, th en  the  individual contribu tions of the  poles to coj cannot be simply 
added  together, and  a  m ore sophisticated  analysis is needed. T his is precisely w hat 
h ap p en s w hen the poles are second order, because  a  second-order pole resu lts  from 
th e  m erging of two sim ple poles.
5 .3  NUMERICAL ANALYSES
In  th is  section, we consider som e num erical exam ples for the  special case where 
po. Vox and  B ox aM vary linearly with y in  the  "surface " - 1 < y /a  < 1. We have found 
it convenient to  w ork in  th e  fram e in  w hich Voxi = 0, and  w ithout loss of generality 
we take  p0i s  Po2- W e can  also w ithout loss of generality  tak e  th e  "+" sign in  equation 
(5.21); i.e., th e  waves always propagate in  th e  +x-direction w hen viewed in  the  center- 
of-m ass fram e; if we take the  m in u s sign in  equation  (5.21), th e n  the  resu lts  are the 
sam e except for a  sign change on  Voxi and  poles corresponding to  zeros of cor - kx Vsx 
becom e zeros of 0)r - kx Vd*. and  vice versa. We have also found it convenient to use  
the  dim ensionless param eters r  = poi/(Pol +Po2) and  b  = B oxi / ( B oxi2 + B OX2 2)1/,2‘. th u s  
0.5 < r  £ 1 and  0 < b < 1. We take  Boxi > 0 w ithout loss of generality (changing the sign
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of Boxj again leads only to a n  Interchange betw een Vsx and  V dx), b u t  we will consider 
cases where BOX2  h a s  the  sam e or opposite sign of Boxl.
5 .3 .1  B ox2 h a s  t h e  S a m e  S ig n  a s  Box!
We consider first the  locations of the resonan t field lines in  - 1 < y /a  < 1. These 
are com puted by calculating cor  from pi ei + p2 £2 = 0 and  using  the  resu lt to  determ ine 
w here e = 0. For the  linear profiles, it  is easily show n th a t  th ere  are  e ither one or 
th ree  re so n a n t field lines. F igures 5.1a-5.1d show  th e  re so n a n t va lues of y / a  a s  
functions of Voxi /V k h  for fou r com binations of r  and  b  for the  case where Boxi a n d  
B 0x2  have th e  sam e sign; th ese  figures a re  generally  illu stra tive  of th e  re su lts  
ob ta ined  for o th e r p a ra m e te r  com b ina tions. The th in  cu rves  re p re se n t s tab le  
con tribu tions to coi, an d  th e  heavy curves rep resen t u n s tab le  con tribu tions. In  all 
cases  show n here, th e  s tab le  resonances correspond to  zeros of cor - kx Vsx and  the 
unstab le  resonances are zeros of (or  - kx Vdx.
Note first th a t  there  are  alw ays certa in  values of Voxi w hich give resonances a t 
y /a  = ±1, where e = ei o r e = £2 . Since the resonances occur w here e = 0, these cases  
correspond to ei = £2 = 0. The to ta l p ressu re  fluc tuations in  th e  external surface wave 
are  th en  zero (equation 5.12), an d  the  dam ping ra te  is th e n  zero also (equation 5.31). 
Figures 5.1b an d  5.1d illustrate  cases  w here there  are two u nstab le  resonances which 
move c loser together a s  I Vox 1 1 decreases. At the  poin t w here the  two so lu tions 
coincide we have dV dx/dy = 0, a n d  o u r ana lysis  b reak s  dow n a s  d iscussed  in  the 
prev ious section. In th e  neighborhood of th is  po in t, very  sm all va lues of k a  a re  
required  to  keep I coj I and  the  principal p a rt  in  equation  (5.29) sm all, a s  assum ed  in  
the  analysis. F igures 5.1a-5.1d indicate th a t large values of p0 i/po2 am  m ost favorable 
for in stab ility  in  th e  se n se  th a t  th e  requ ired  v a lu es  o f IVo x i I /V k h  are  th e n  
m inim ized. This conclusion  is verified in  m ore detail in  Table 1, where we p resen t
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th e  th resho ld  values of Voxi /V k h  h i the  r-b  plane; we have om itted from the  table 
th resho ld  values whose m agnitudes exceed 0.95. In assessing  the ease w ith which the  
waves are  destabilized however, it should  be borne In m ind th a t  Vkh becom es large a s  
r  approaches un ity  (equation 5.22).
If B0x i = 0  (b = 0) or If B0X2  = 0  (i.e., b  = 1), th e n  th e  m inim um  value of I Voxi I 
leading to  Instability Is th e  Alfven speed on the  side containing the  m agnetic field.
Figures 5 .2a-5 .2d display th e  norm alized dam ping rate, r ,  defined by
T s  COj/COjlVox! = 0), (5.34)
w hich is ca lcu la ted  from  equation  (5.31). In  som e cases, such  a s  Figure 5.2d, th e  
dam ping ra te  c a n  be very sm all over a considerable range of velocity shear. Table 2 
gives the  ranges over which r  is less  th a n  0 .0 1 ; we omit ranges lying wholly w ithin 
5% of th e  Kelvin-Helmholz in stab ility  th resho ld . Note th a t  in  som e cases, such  as  
Figure 5.2b, th e  resonance absorp tion  becom es very sm all for very sm all va lues of 
the  velocity shear; Table 2 ind icates th a t  th is  s itua tion  is favored by large values of 
b . However, th ese  cases  imply large values of dT /dV oxi n e a r  Voxi = 0, and  T can  
becom e quite  large a t neighboring values of Voxi /V k h  as  show n in  Figure 5.2b. In  
som e extrem e cases, the dam ping or growth ra te s  can  become quite large, an d  care 
m u s t be ta k e n  to  a s su re  th a t  k a  is sm all enough to  a s su re  th e  validity  of o u r 
approxim ations, a s  d iscussed  previously.
104
5 .3 .2  B ox2 h a s  t h e  O p p o s ite  S ig n  a s  B oxi
We now tu rn  o u r a tten tion  to  cases  where Boxj an d  BOX2  have opposite signs, so 
th a t Box = 0 and  Vax = 0  somewhere in  the "surface." As d iscussed  in  the last section, 
th is  in troduces the  possibility of a  second-order pole in  in tegral (5.25).
F igures 5 .3a-5 .3d  display the  locations of the  reso n an t field lines a s  functions of 
v o x l /v KH for four com binations of r  an d  b. The heavy cu rves rep resen t u n stab le  
contribu tions to wj, and  the  th in  curves rep resen t stab le  contribu tions. The no tations 
"s" a n d  "d" ind icate  w hether wr - kx Vsx or cor - kx Vdx p a s s  th ro u g h  zero on the  
resonan t field line. These figures show  a  new feature  no t p resen t in  Figures 5.1a-5.1d. 
The "s" and  "d" curves cross a t  a  point where th e  pole in  integral (5.25) is of second 
order; ou r analysis fails a t th a t  point, a s  d iscussed  in  the  previous section. This is a  
ra th e r  general feature  w hen Boxi and  B0X2  have opposite signs. Consider, for example, 
Figure 5.3a. The n a tu re  of the  failure can  be seen  in  Figure 5 .4a, which displays the 
corresponding behavior of r .  We see th a t  I T| -» °° a t  two values of Voxj / V k h -  The m ost 
negative v a lue  c o rre sp o n d s  to  th e  second -o rder pole. (The le ss  negative value 
c o rre sp o n d s  to  dVsx /d y  = 0 ; th ese  s itu a tio n s  have a lread y  b een  d iscu ssed  in  
connection with Figs. 5.1 an d  5.2.) Figures 5 .3b-5 .3d provide fu rth e r  examples. (Note 
th a t  we have changed  the  scale  in  Fig. 5 .3c in  o rder to  show  m ore clearly  the  
behavior of the  unstab le  resonance ju s t  below the  Kelvin-Helmholz threshold.) These 
figures a lso  show  th a t  u n s tab le  reso n an ces  c a n  now  occur for sm aller va lues  of 
I V0x l I / V r h  th a n  w as the  case previously, except a t the  sm allest values of r  an d  b. 
These re su lts  are p resen ted  in  m ore detail in  Table 3, w hich  gives th e  th re sh o ld  
values of V q x I / v k h  I11 th e  r-b  p lane, again  om itting th resh o ld  m agnitudes g rea ter 
th an  0.95.
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Figures 5 .4a-5 .4d  show the  behavior of r  for the  sam e param eters  a s  in  Figures 
5 .3 a -5 .3 d , respectively. It c an  again  be seen  th a t  th e  dam ping  ra te  ca n  be zero for 
certa in  values of Voxi /V k h - Table 4  gives the  ranges over w hich  r  is less th a n  0.01, 
aga in  om itting ranges w ith in  5% of th e  Kelvin-Helmholz in stab ility  th resho ld .
T his com pletes o u r d iscussion  of the  case where p0, Vox an d  Box vary linearly in  
the  region - 1 < y /a  < 1. O ther configurations are possible.
5 .3 .3  C ad ez an d  G a k o v ic 's  E x a m p le
One example h a s  been  suggested by Cadez and  Gakovic (1988), who took p0 and  
Box to  be d iscontinuous a t y / a  = + 1 or a t y /a  = -1, b u t  allowed Vox to  vary sm oothly 
in  th e  region - 1 < y / a  < 1. D iscon tinu ities are  no t h an d led  conveniently  by o u r 
num erical code, b u t we have considered the  following two cases  which are sim ilar in  
spirit to  the case suggested by Cadez and  Gakovic.
F irst, we tak e  Vox to  vary  linearly in  - 1 < y /a  < 1, b u t  p0 and  Box vary  linearly  
only in  0.8 < y / a  < 1 an d  are constan t elsewhere. Figure 5.5 displays the locations of 
the  resonances for r  = b = 0.95, w ith BOX2  and  Boxi having th e  sam e sign; the  form at 
is  the  sam e as  in  F igures 5.1 and  5.3. This case  h a s  been  chosen  because  it yields 
u n stab le  resonances for relatively sm all values of V o x i / V k h -
Second, we again take  Vox to  vary linearly in  - 1 < y / a  < 1, b u t  now p0 and  Box 
vary  linearly in  - 1 < y / a  < - 0 .8 . Figure 5.6 displays th e  re su lts  for r  = 0 .95  an d  b  = 
0.32; BOX2 an d  Boxi again  have the  sam e sign. T his case  y ields u n s tab le  roots for 
particu larly  low values of Voxi/V k h .
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S .4  SUMMARY
We have considered the  effects of velocity sh e a r  on  th e  resonance absorp tion  of 
MHD su rfa c e  w aves in  a n  in co m p ress ib le  p la sm a . In  o rd e r  to  p rov ide  a  
straightforw ard analytical discussion, we have considered only th in  "surfaces" across 
w hich SPtot = constan t. T his allowed u s  to  drop the  second term  in  equation  (5.13), 
w hich is of o rder (kx a )2 w ith in  the  surface. T h is allowed u s  to  follow a  fam iliar 
p rocedure ak in  to  the  calcu la tion  of L andau  dam ping, a n d  we obtained  equation
(5.31) for th e  decay ra te  of the  su rface  wave. In  th e  ab sen ce  of velocity sh ear, 
equation  (5.31) yields resu lts  obtained previously using  different analytical m ethods; 
th is  serves a s  a  check on the new procedure employed here.
We have found th a t there  ca n  exist resonances w ith in  th e  surface which m ake a 
negative con tribu tion  to  the  decay ra te , and  the  su rface  wave can  in  fact becom e 
u n s ta b le  fo r velocity  s h e a rs  sign ifican tly  below  th e  u s u a l  K elvin-H elm holz 
instab ility  threshold . This effect m ay have been  operative in  a  s tu d y  by Goldstein et 
al. (1987), w ho perform ed nu m erica l s im u la tio n s  of " tu rbu lence" g en era ted  by 
velocity sh e a r  in  a n  incom pressible m agnetized fluid. They found  th a t  instab ilities 
w ere genera ted  even w hen  th e  velocity sh e a rs  w ere below  th e  th re sh o ld  for the  
Kelvin-Helmholz instability. The reso n an t Instability  d iscussed  here  m ay have been  
resp o n sib le  for th e  in stab ility  found  in  th e ir  n u m erica l s tu d y . The re so n a n t 
instab ility  m ay  play a  role in  th e  developm ent of tu rb u len ce  in  so la r w ind s tream s 
(G oldstein et al. 1987). It could  p e rh a p s  occur a t  th e  e a r th 's  m agnetopause , in  
a ssoc ia tion  w ith th e  E vershed  flow in  th e  s u n sp o t p e n u m b ra s , an d  possib ly  in  
assoc ia tion  w ith flows in  the  pho tospheric  flux tu b e s  (Ryutova 1988). Of course, 
before we ca n  say anything definitive abou t those  regions, a n  extension of th is  work 
to  include com pressibility is required. It will be d iscussed  in  th e  following chapter.
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It sh o u ld  be n o ted  th a t  even w hen  th e  global su rface  m ode is reso n an tly  
unstab le , th ere  can  still exist resonances w ith in  th e  "surface" which gain  energy, b u t 
those  energy gains are  overwhelmed by th e  resonances w hich lose energy and  lead to 
overall instab ility . We have also  found th a t  th e  to ta l p re s su re  flu c tu a tio n s  in  th e  
global surface wave ca n  be precisely zero for ce rta in  values of the  velocity shear. In 
those  cases, th e  surface wave decay ra te  is also zero. Tables 2 and  4  show the  ranges 
of th e  velocity sh e a r  in  which the  su rface  wave decay ra te  is less  th a n  1% of th e  
decay ra te  w hen there  is no velocity shear. In  som e cases, the  resonance absorp tion  
van ishes  even for very sm all velocity shears .
There are  also cases where the  decay ra te  is larger th a n  w hen there  is no velocity 
shear. A lthough the  incom pressible analysis in th is  ch ap te r cannot add ress th e  issue 
directly, it ap p ears  reasonable  to  expect th a t  velocity sh e a r  m ay significantly affect 
th e  resonance absorption rate  of p-m odes by su n sp o ts  and  m agnetic flux tubes.
Finally, we no te  th a t  Ryutova (1988) h a s  considered  a  closely related  problem , 
viz. resonan t instability  due to velocity sh e a r  in  a  so la r m agnetic flux tube, with B0  = 
0  o u tsid e  of the  flux  tu b e . She su g g e s ts  th a t  th e  re s o n a n t in stab ility  c a n  be 
in te rp re ted  in  te rm s of negative energy waves. T h is  is  a  prom ising idea deserving of 
fu r th e r  s tu d y . However, h e r  w ork  c o n ta in s  a n  inco n sis ten cy . She derives a n  
in stab ility  c riterion  u s in g  the  negative energy wave concept. She also derives an  
expression  for ©i for a  special case  equivalent to  tak ing  p0e to vary  linearly  across 
th e  "surface" of th e  tu b e . The exp ression  for coj c a n  a lso  be u sed  to  derive an  
instab ility  criterion. The two criteria  in  h e r  paper do no t agree, an d  it th u s  appears 
th a t  th e  negative energy wave developm ent p resen ted  in  h e r  p aper is n o t th e  whole 
sto ry . (In fact, R yutova's expression  for ©i (the second  equa tion  following h e r  
equation  12 ) gives a n  instability even w hen there  is no flow, b u t th is  m ay be due to a
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sign error. By using  the  technique In th is  chap ter. I have show n th a t  the  surface wave 
is alw ays dam ped If pQe Is linear across th e  su rface, a n d  th ere  is  no Instab ility  in  
th a t  case.)
TABLE 1
I n stability  T h r esh o ld  for
r
b 0.55 0.6' 0.65 0.7 0.75 0.8 0.85 0.9 0.95
0.95............. -0.87 -0.845 -0.815 -0.785 -0.75 -0.705 -0.66 -0.60 -0.485
0.85............. •  •• -0.93 —0.91 -0.885 -0.855 -0.815 -0.745 -0.59
0.75............. •  • •  • • •  •• • • -0.93 -0.895 -0.81 -0.64
0 6 5 ....;...... • • •  • • •  •  • • •• -0.935 -0.85 -0.665
0.55............. •  • • •  • • • • • • • • •• -0.87 -0.685
0.45............. • • • • •• • •• • •• • •• -0.88 -0.69
0.35............. 0.93 • •• • •• • •• • •• -0.885 -0.695
0.25............. 0.89 0.91 0.93 • • • • •• • •• -0.885 -0.69
0.15............. 0.835 0.865 0.91 • •• • •• • •• -0.875 -0.685
0.05............. 0.78 0.855 0.92 ... ... ... -0.865 -0.675
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TABLE 2
R a n g e s  or Ka i ,/K KH fo k  |  T |  <  0.01
r
b 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 095
















( + 0.079, +0.105) 
(-0.511, -0.526)
0.85... (-0.175, -0.186) (-0.126.-0.135) 
(-0.938. -0.951)






























0 55... ( + 0.241,+0.251) (+0.283, +0.312) (+0.325. +0.365) (+0.370, +0.420) (+0.410, +0.475) (+0.450, +0.535) (+0.495, +0.600) (+0.535, +0.670) (+0.570, +0.750) 
(-0.905, —0.955)
0.45... (+0.346, +0.371) (+0.385, +0.420) (+0.425, +0.475) (+0.460, +0.530) (+0.500, +0.580) (+0.535, +0.635) (+0.570, +0.695) (+0.610, +0.755) (+0.640, +0.830) 
(—0.943, -0.984)




(+0.510, +0.575) (+0.540. +0.625) (+0.575, +0.675) (+0.605, +0.725) (+0.640, +0.775) (+0.670, +0.830) ( + 0.690, +0.890) 
(-0.972, -0996)










(+0.665, +0.805) (+0.690, +0.850) (+0.720, +0.895) ( + 0.730, +0.940)
015 ... ( + 0.585, +0.660) 





(+0.655, +0.930) (+0.680, +0.950) (+0.705, +0.970) (+0.730, +0.985) (+0.750, +0.995) ( + 0.760, +0.995)
0.05... ( + 0620, +0835) (+0.640, +0.865) (+0.660, +0.880) (+0.685, +0.910) (+0.705, +0.940) (+0.730, +0.960) (+0.750, +0.980) (+0.765, +0.990) (+0.775. +0.995)
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R a n g e s  o f  K0jI/H „  f o r  | I*t <  0.01
r
h 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95










































( + 0.415, +0.520) 
(-0.790, -0.830)
0.65... ( + 0.115, +0.140) (+0.160, +0.195) (+0.210, +0.250) (+0.255, +0.305) (+0.300, +0.365) ( + 0.350, +0.425) (+0.400, +0.490) 
(-0.946, -0.957)
( + 0.455, +0.560) 
(-0.914, -0.935)
( f  0.515, +0 650) 
(-0.860, -0.900)
0.55... (+0.230, +0.275) (+0.270, +0.325) (+0.315, +0.380) (+0.360, +0.435) (+0.405, +0.490) (+0.450, +0.545) ( + 0.495, +0.605) (+0.545, +0.670) ( + 0.595, +0.750) 
(-0.915, -0.950)
0.45... (+0.325, +0.395) (+0.370, +0.445) (+0.410, +0.495) (+0.450, +0.545) (+0.490, +0.595) (+0.530, +0.650) (+0.575,+0.705) ( + 0.620, +0.760) (+0.655, +0.830) 
(-0.947, -0.980)
0.35... (+0.415, +0.505) 
( + 0.926, +0.936)
(+0.455, +0.555) 
(+0.943, +0.951)
(+0.490, +0.600) (+0.530, +0.645) (+0.565, +0.695) (+0.605, +0.740) (+0.640, +0.785) (+0.675, +0.835) ( + 0.705, +0.890)
0.25... ( + 0.495. +0.610) 







(+0.630, +0.780) (+0.660, +0.820) (+0.690, +0.860) (+0.720, +0.900) ( + 0.740, +0.945)




( + 0.620, +0.810) 
(+0.845, +0.900)
(+0.650, +0.925) (+0.675, +0.955) (+0.705, +0.975) (+0.730, +0.985) (+0.750, +0.995) (+0.765, +0.995)




r = 0 .55  
b= 0 .9 5
r = 0 .55  
b= 0 .3 2
-I
r = 0.95 
b= 0.32
I -I 
V0 X \/  V KH
Fig. 5.1. (a)-(d) Positions of th e  reso n an t field lines inside the  "surface" - 1 < y /a  
< 1 vs. th e  ratio  of ac tu a l velocity s h e a r  to th e  sh e a r  requ ired  for the  u su a l Kelvin- 
H elm holz instability . The te rm s  B0x l  an d  BOX2  a re  bo th  positive, and  (o)r /k x )c.m. is 
a lso  positive. F o u r co m b in a tio n s  o f (r. b) a re  p re se n te d . Heavy curves ind ica te  
reso n an ces  w hich  m ake a n  u n s ta b le  co n trib u tio n  to  equa tion  (31). In  all cases, o>r 
- kxVsx = 0  for the  stab le  roots, and  fflf - kxV jx = 0  for the  unstab le  roots.
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r = 0 .55 
b = 0 .95
r = 0 .9 5  
b = 0 .9 5
-10
1.5-
r = 0 .55  
b= 0 .3 2




Fig. 5 .2 . (a)-(d) Surface wave decay ra te  (- ©}), norm alized to  its  value a t  zero
velocity sh ear, vs. norm alized velocity sh e a r  for th e  four cases  in  Figure 5.1. Positive 
(negative) values of r  indicate decay (growth) of th e  surface wave. Note th a t  there  exist 
va lues of the  velocity sh e a r  w hich lead to zero decay rate.
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r = 0 . 9 5  
b =  0 . 9 5
r =  2 / 3  
b =  0 . 9 5
r = 0 . 9 5  
b = 0 . 3 2
r = 2 / 3  
b = 0 . 3 2
0 . 9
Fig. 5.3. (a)-(d) Sam e a s  Figure 5.1, b u t BOX2  is negative. Curves m arked "s" or
"d" Indicate th a t  ©r - kxVsx = 0 or ©r - kxVdx = 0, respectively.
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r = 0 . 9 5  
b = 0 . 9 5
-10
5
r =  2 / 3  
b=  0 . 3 2
r  = 0 . 9 5  
b =  0 . 3 2
Fig. 5.4. (a)-(d) Sam e as  Figure 5.2, b u t  for the  fou r cases in  Figure 5.3.
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r = 0.95  
b = 0.95
V0 X | /  V KH
Fig. 5.5. Sam e as  Figure 5.1, b u t  In th is  case  V0x varies linearly in  the range - 1 
< y / a  < 1, while Box an d  p0  vary  linearly  only in  th e  range 0 .8  < y / a  < 1 and  are 
c o n s ta n ts  elsewhere. We have c h o sen  values of (r, b) w hich  lead  to a  low instab ility  




VOXI /  VKH
Fig. 5.6. Sam e a s  Figure 5.1, b u t  In  th is  case  Vox varies linearly  In the  range 
- 1 < y /a  < 1. while Box an d  p0 vary linearly only In th e  range - 1 < y /a  < - 0 .8  and  are 
co n s ta n ts  elsewhere. We have chosen  values of (r, b) w hich lead to a  low instab ility  
th resho ld .
CHAPTER 6
THE EFFECTS OF VELOCITY SHEAR ON 
THE RESONANCE ABSORPTION OF MHD SURFACE WAVES:
COLD PLASMA
6 .1  INTRODUCTION
In th is  chap ter, we will again  investigate the  effects of velocity sh e a r  on the  rate  
of reso n an ce  absorp tion , b u t  confine o u r a tten tio n  to  a  cold p lasm a  w hich is a 
rea so n ab le  approx im ation  for th e  so la r  corona. T h is  d iffers from  th e  s tu d y  of 
c h a p te r  5 w hich considered th e  incom pressib le case . We consider also a  uniform  
background  m agnetic field, and  slab geometry. A com prehensive s tudy  of cylindrical 
geom etry is a n  obvious next s tep  if we are going to  m ake a  m ore direct connection to 
coronal active region loops; see G oossens et al. (1991), G rossm ann  and  Sm ith (1988), 
Poedts et al. (1989a,b; 1990a,b) and  S akurai e t al. (1991). However, it is in teresting to 
no te  th a t G oossens e t al. (1991) found th a t  the  resonance absorp tion  which occurs on 
a  slender com pressible cylindrical p lasm a tube  is identical to  th e  resu lts  obtained in 
th e  la s t chap te r for an  incom pressible p lasm a in  p lane geometry.
Akin to  th e  resu lts  of ch ap te r 5 for a n  incom pressible p lasm a, we will find th a t 
velocity sh e a r  can  e ither increase or decrease th e  ra te  of resonance  absorption. We 
will a lso  find th a t  th e re  are  ce rta in  va lues of th e  velocity  sh e a r  for w hich the  
resonances do not absorb  energy from the  surface wave, b u t  ra th e r  p u t energy back  to 
it. This will lead to instability  of the surface m ode a t  va lues of velocity sh ears  below 
th e  Kelvin-H elm holz th re sh o ld . However, it will be show n  th a t  th e  re so n a n t
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in stab ility  m ay  n o t be im p o rtan t in  the  so la r corona. B u t resonance  absorp tion  
rem a in s  a n  a ttrac tiv e  possib ility  for co ro n a l hea tin g . T he fac t th a t  resonance  
abso rp tion  is a  viable cand ida te  for coronal heating  is p e rh ap s  the  m ost significant 
resu lt of th is  research.
It m ay also be usefu l to  consu lt rela ted  papers  by  C hen and  M orrison (1990a,b) 
a n d  by  O fm an e t al. (1991) who considered  th e  effects of velocity sh e a r  on  the  
in co m p ressib le  res is tiv e  tea rin g  in stab ility . C hen  a n d  M orrison (1991) a lso  
investigated  ideal incom pressib le in stab ilities  of s h e a r  flow w ith parallel m agnetic 
field, using  techn iques which are  related  to  the  techn iques employed here and in  the 
las t chap ter. The effects of velocity sh e a r  on resonance  absorp tion  w as considered 
also by Peredo and  T ataron is (1990) for an  Incom pressible p lasm a cylinder; however, 
th ey  probab ly  g reatly  overestim ated  th e  sp a tia l g rad ien t of th e  coronal m agnetic 
field streng th .
6 .2  ANALYSIS
The calcu lational procedure in  th is  ch ap te r is  sim ilar to  th a t  in  la s t chapter, b u t 
we carry  ou t a  parallel ana lysis  for a  cold (zero-beta) p lasm a. As in  ch ap te r 5 (see 
equa tions (5. l)-(5 .11)), we have the  following th ree  equations w hich are  valid for a 
fully com pressib le p lasm a. All no ta tio n s  em ployed here  are  th e  sam e as th a t  of 
chap ter 5.
5P(. t . PcAc  iH.°*cot -  5 5 r ~  ’
(Q2 /k * -C )  (6il)
w here i; is th e  y-displacem ent of a  p lasm a parcel, i.e., \  = i 5Vy/Q .




Moreover, B0 = IB0 I = constan t. Let th e  region y  > a  be denoted by subscrip t "1" and  
the  region y < -a be denoted by  su b scrip t "2". Regions ”1" and  "2" are  the spatially  
un ifo rm  reg ions on e ith e r side of the  "surface" in  -a  < y < a. W ithou t lo ss  of 
generality we w ork in  the  fram e in  which V0X2  = 0 , so th a t  0.2 = ©•
We assum e, a s  in  the  earlie r chap ters , th a t  th e  “su rface” is th in  so th a t  8Pt0 t is 
nearly  constan t across it. E quation  (6.4) th en  yields
(6.6)
where subscrip t "3" refers to  the  th in  layer, - a  < y  < a, an d  C4  is a  constan t. T hus
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w here C3 is a n  in tegration constan t.
Since regions "1" an d  "2" are  uniform, equation (6.5) reduces to
= 0  . 1 = 1,24 - * - '
^  (6 .8)
w here
„ 2
i2. _ i,2 a  _ £2,
mel = K  (1 - - t tA H  •
kx 'Va i  (6.9a)
me2 = kx d  - •
kxYA2 (6.9b)
Solutions of equation  (6.5) are, th en
(*1 = C 1 e"lnl«a| 6r"a) . y  > a 
^2 = C2e lme2l(y+a), y < . a
(6 . 1 0a)
(6 . 10b)
w here C j and  C2  are  two constan ts. Note th a t  we are  considering only surface waves
w hich decay away from the  "surface"; th u s  nigi an d  m ^  m u s t be real.
By m ean s of con tinu ity  of bo th  % and  8Ptot a t y  = a  a n d  a t y  = - a, two boundary
conditions shou ld  be applied
141 = 0  (6 .11)
a n d
[Q2-kM x a4]-0 
n 2- k j v j  (6 . 12)
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where here the  square  b rackets denote th e  "jump" of the  enclosed quantity.
M atching th e  boundary  conditions gives
D(co, i y  = 0 (6.13)
w here
D = I rrigi I + Invo I + I n u i  n u 2 1— — J3  dy = 0
eAl eA2 eA leA2 e3 (6.14)
th e  no tations are  defined as
_2 , 2 ,, 2 
ei ~ ^ 1  ‘ kx Yaxi
eAi = - kxVM2
We also in troduce th e  angle 0 such  th a t
Box = B0 cos0 (6 .15)
At th is  point 0 = 0(y) b u t we will la te r take  0 = constan t.
Note th a t  only Vox e n te rs  in to  th e  a n a ly s is . T he velocity  co m p o n en t
perpend icu lar to  k ,  i.e. V o z , plays no role.
Again, a s  in  the  las t chap ter, we develop a  Taylor series for D(co,kx) about to = cor :
D(co,kx) = D(cor , kx) + iy^— 1 ^  + ... ,.3D
9® (6.16)
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w here to is sp lit into real and  im aginary p a rts  su ch  th a t  to = cor  + iy.
W hen 63 = 0  in  the  in tegrand in equation  (6.14) there  are  poles (which are now on 
th e  real axis). Rewrite
£3 (0^ ,kj,) = (tor  - hjjVgjJ(tOj. - k ^ V ^ l , (6.17)
w here 3  V ox3 + V j^ g  an d  s  Vox3  - V ^ g .  The poles occur where
“ /k x - v ox3 = ±VA x3. (6.18)
a n d  the  su rface wave is th en  in  resonance w ith local Alfven waves. E quation  (6.13)
req u ires
D = Dr + iDj = 0  , (6.19)
w here su b sc rip ts  "r” an d  "i" s ta n d  for th e  real a n d  im aginary  p a r ts  respectively. By
tak ing  th e  parallel analysis applied to chap te r 5, we obtain
D r =  | m e i l - ^ - +  l m e 2 l - ^ - = 0 .
eAl eA2 (6.20)
an d
y = . K [(mei JL_)2 ----------£43--------------i / f D r .
2 k ^ l d V ^ / d y K ^ - V ^ )  d(0r
«x (6.21)
w here I m ay be e ither s  o r d, depending on  w hether tor / k x is  Vsx o rV dx> respectively, 
a t  th e  resonance . If th e re  is  m ore th a n  one resonance  in  - a  < y < a, th en  the  
individual con tribu tions to  y, given by equation (6 .2 1 ), are sim ply added together.
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If Vox = 0, equation  (6.21) reduces to the  cold p lasm a approxim ation of equation 
(4.48). T hen y  Is always found to  be negative. Implying decay of the  surface waves; y 
th e n  rep re sen ts  th e  ra te  a t w hich the  energy th a t  w as  originally p resen t in  the  
su rface  wave Is tra n sfe rre d  Into local waves in  th e  vicin ity  of th e  re so n a n t field 
lines.
If there  exists a  velocity shear, we will see th a t  equation  (6.21) th en  allows the  
reso n an ces  to m ake a  positive, I.e. u nstab le , co n trib u tio n  to  y, particu larly  for the  
cases  in  w hich the  p lasm a density  con trast across the  surface is large. In th is  case, 
the  resonances do no t absorb  energy from  external su rface  waves, b u t ra th e r pum p 
energy back  to  it. Evidently, th e  surface wave g a in s  energy a t  th e  expense of the  
kinetic  energy of the  background  flow. Ryutova (1988) h a s  d iscussed  the  instability  
In  term s of negative energy waves. The reso n an t Instab ility  can  occur a t values of 
velocity sh e a rs  below th e  th re sh o ld  for th e  Kelvin-Helm holz in stab ility  (which is 
n o n reso n an t). However, we sh a ll see th a t  th e  d e n s ity  c o n tra s t req u ired  for 
instab ility  is probably g rea ter th a n  the  values typically found in  the  so lar corona.
We should  m ention, however, th a t  ou r analysis he re  m eets  the  sam e failures as  
in  ch ap te r 5 In  particu lar, th e  analysis fails if the  poles a re  second (or higher) order. 
T h is can  occur if k • B0 = 0  a t  th e  location of th e  resonance , or if dVsx/d y  = 0  or 
dVdx/d y  = 0  a t th e  resonance . In  these  cases  o u r  ana ly sis  yields lyl = °°, and  a 
higher-order trea tm en t is needed.
6 .3  NUMERICAL EXAM PLES
We exam ine som e num erical exam ples in  th is  section . We consider the  case 
where pQ and  Vox vary linearly with y inside the "surface" - 1 < y /a  < 1, i.e..
where Q can  be pQ or Vox. We have found it convenient to  w ork in  the  fram e in  which 
VOX2  = 0 . and  w ithout loss of generality  we pick  p j > p2 . We also assum e th a t B 0 =
c o n s ta n t everywhere; th u s  8 = constan t. It h a s  also been  found convenient to  use  
d im ensionless param eters. We take  VA2 = B0 (4jtp2)‘ 1 / 2  to  norm alize the  quan tities 
w hich a re  re la ted  w ith speed , e.g. norm alized sh e a r  velocity U = Voxl /V A 2  and  
norm alized phase  speed W = co /k x V ^ . We define also  a  d im ensionless density, R = 
p2 /P i :  th u s  0 < R £ 1. W hen we solve the  surface wave d ispersion  relation (6.20), we
obtain  two solutions which are sym m etric with respect to changing the signs of both  
W  and  U. The requirem ents th a t  m e l and  m e2  be real confines th e  solutions to the
b an d  in  the  W-U plane bounded by the  lines W = ± 1 a n d  W = U ± R1/2.
Figures 6 .1a  and  6.1b display W as  a  function  of U for the  density  ratios R = 0.5 
and  R  = 0.05; solutions are  given for values of 0 betw een 20  and  80 degrees. For 8 < 30 
degrees, the  d ispersion curves are  approxim ately parallelogram s bounded by the  lines
W = U ± R 1 /2  [ 1- sln4e 1
2 (1' RJ (6.23a)
and
IWI = 1 -(1 /2 ) tan 4  0 (6.23b)
Note th a t  real so lu tions only exist if IUI is less th a n  som e m axim um  value, which 
defines the  thresho ld  for the  Kelvin-Helmholz instability . For 8 <, 30°, we find
l u l m ax“(1+R l/2)co s8 (6.24)
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O n the  o ther hand , for 0 > 70 degrees the  d ispersion curves are approxim ately ellipses 
given by
(1+R) W2  - 2WU + U2  - 2R cos20 = 0 (6.25)
In  th is  case  th e  Kelvin-Helmholz th resho ld  is
l u l m axa I2  (1+R)11 /2  cos© (6.26)
These analytical approxim ations for the  Kelvin-Helmholz th resho ld  are new.
We now consider the  locations of the resonan t field lines in  the  region - 1 ^ y /a  < 
1. For each value of U we will consider only the  solution in  Figure 6.1 which h a s  the  
largest algebraic value of W; th e  resonance  locations for th e  o ther so lu tion  ca n  be 
obtained from  th e  resu lts  we p resen t by sim ply changing the  sign of U. Figures 6 .2a- 
6 .2c show  the  resonance positions y /a  a s  functions of Voxi / ^ A 2  f°r  R = 0.05 and  0 =
20°, 50° and  80° respectively. F igures 6 .3a  - 6.3c are for R  = 0.5. The heavier lines 
rep resen t unstab le  con tribu tions to  y. Note first th a t u nstab le  resonances occur only 
for th e  sm all density  ratio; only a  few u n stab le  resonances (not shown), w hich are  
very close to  the  Kelvin-Helmholz threshold , have been  found for the  case of R  = 0.5. 
Note th a t  also th ere  are  alw ays certa in  values of ^ o x l w hich give resonance located 
a t y / a  = ± 1, where e = ej or e = e2. B ecause the  resonances occur where e = 0. these  
c a se s  correspond  to  e j = e2  = 0. Therefore th e  to ta l p ressu re  fluc tuations in  the  
ex ternal surface waves are  th e n  zero (equqtion (6.4)), an d  the  dam ping ra te  goes to 
zero, too (equation (6 .2 1 )).
Figures 6 .4a - 6.4c and  Figures 6 .5a - 6.5c display the  norm alized dam ping ra te  T, 
defined by
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r = Y/ 7  (Voxl = 0 ) (6.27)
w hich is the  su rface  wave dam ping ra te  norm alized  to  its  value a t zero velocity 
shear. E quation  (6.21) gives the  resu lt th a t  y  is negative definite in  the  absence of 
velocity shear, implying decay of th e  su rface waves. T h u s positive r  ind icates decay, 
while negative values of r  correspond to  unstab le  surface waves. We see th a t the rate  
of resonance absorp tion  can  be e ither increased  or decreased  significantly by  velocity 
shear. We have also found th a t  the  negative values of r  occur for only a  very sm all 
range of U w hen R is g rea ter th a n  0.1. (Exactly speaking, negative values of r  could 
be found for R  < 0.5, b u t  the  range of values of U leading to  negative r  is too sm all to 
be significant.) The density  ra tio  R m ay  therefore  be regarded  a s  a n  effective 
governing param eter for the  resonance instab ility  of MHD surface waves.
6 .4  RESULTS AND DISC USSIO N S
T his ch a p te r  is a  n a tu ra l ex tension  of the  s tu d ie s  of c h ap te r 4  on resonance 
ab so rp tio n  of com pressib le  MHD su rface  w aves w ith o u t velocity sh e a r , a n d  of 
c h a p te r  5 on re so n a n t in stab ility  of incom pressib le  su rface  w aves due to velocity 
sh ear. We have here  stud ied  th e  effects of velocity s h e a r  only for a  cold p lasm a, 
w hich is a n  approxim ation applicable to  th e  so la r corona; it h a s  been  assum ed  th a t  
th e  ‘su rface’ w hich su p p o rts  th e  wave is th in . O ur analy tical d iscussion  is th en  a 
fam iliar p rocedure ak in  to  th e  ca lcu la tion  of L andau  dam ping; see also C hen and  
M orrison (1991). We obtained  equa tion  (6.21) for th e  decay  ra te  of MHD surface 
waves. We have also found th a t  there  ca n  exist resonances which lead to instability  
of th e  su rface  m ode a t va lues of the  velocity s h e a r  som ew hat below th e  Kelvin- 
Helmholz th resho ld .
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For a  cold p lasm a, the  occurrence of the  reso n an t Instability  depends sensitively 
on  the  density  ratio, R. across the  ‘surface’. The instab ility  requ ires a  strong density  
con trast. It usually  requ ires P2 /P 1 = R S 0 .1  (where we have w ithout loss of generality
tak en  0 5 R <  1). However, coronal active region loops are  usually  tak en  to  have R => 
0 .3-0 .5  (Webb 1981). The resonan t instability  m ay therefore no t be im portan t in  the  
so la r corona. Moreover, ra th e r  large velocity sh e a rs  m ay  be  requ ired  to drive the  
instability . O ur an a ly sis  show s th a t  only th e  k -co m p o n en t o f th e  velocity sh e a r  
p lays a  role, an d  if 0 is  large (e.g. F igure 6.4c), th e n  ra th e r  sm all va lues of U = 
Vox i / V a 2  c an  lead  to  instab ility . However, if V0 is aligned w ith  B 0, th e n  th is  
conclusion  m ay be m isleading , s ince  IVo l -Vo 2 l = IVo x l /c o s 0 l  and  the  reso n an t 
instability  only occurs w hen  IVol -vo2i is com parable to VA2- which is usually  in  the 
range 103 -104  km  s ' 1 in  th e  corona. In  th is  case th e  reso n an t instability  will no t be 
im portan t in  th e  corona, since observational coronal m o tions are  generally of the  
order of 20-50 k m /s  (Saba an d  Strong 1991).
Even if th e  velocity s h e a r  Is sm all a n d  th e  re so n a n t in stab ility  does not come 
in to  play, the  ra te  of resonance  abso rp tion  m ay  differ significantly  from  its  value 
w hen th ere  is no velocity shear. The p ropagation  d irection , 0, p lays a n  im portan t 
role, however. This c a n  be seen  by inspecting Figure 6 .5  (R= 0.5) for the  norm alized 
decay rate , T, as  function of velocity shear. In Figure 6 .5a (0 = 20 degrees), d r / d U  > 0 
a t U  = 0, while in  Figures 6 .5b and  6.5c (0 = 50 and  80 degrees, respectively), d T /d U  < 0 
a t U  = 0. However, it shou ld  be k ep t in  m ind  th a t  F igures 6 .2  - 6 .5  are for the  mode 
which h a s  the  largest value of W= co/kxVA2. The o th er m ode behaves in  a  m irror-
sym m etric fashion w ith respect to changing the  sign of U. T hus for a  given value of 
U, one of the  m odes m ay  have r  > 1 (< 1) while the  o ther m ode h a s  r  < 1 (>1).
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In  a  coronal loop bo th  m odes ca n  be expected to  be p resen t. There are  two 
rea so n s  for th is . One reaso n  is th a t  bo th  ends of th e  loop a re  connected to the  
p ho to sphere , w hich  m ay  be th e  sou rce  of th e  waves. T h u s  th ere  will be waves 
propagating in  opposite directions, and  these  oppositely directed waves correspond to 
th e  two m odes. The o ther reason  is th a t  once a  wave en te rs  a  coronal loop, it will be 
partially  reflected by th e  dense chrom osphere a t  each  end  of th e  loop. T hus there  
will again  be oppositely-directed waves, i.e., bo th  m odes will be  p resent. (These two 
a rgum en ts a ssu m e th a t  U is sm all enough so th a t  th e  waves propagating against the 
flow will n o t be  sw ept o u t of th e  loop.) If bo th  m odes are  p resen t, th e  average 
dam ping  ra te  fo r b o th  m odes will in  genera l n o t be g rea tly  d ifferent from  the  
dam ping ra te  ob tained  In th e  absence of velocity shear, a lthough som e exceptions to 
th is  s ta tem en t ca n  be found (e.g. Figure 6.5c if IUI => 0.2)
In  a n  o p en  co ro n a l region, su c h  a s  a  co ronal hole, only  one (outw ard- 
propagating) m ode m ay be p resen t. We take  the  direction outw ard  from  the  s u n  to 
have a  positive x-com ponent, an d  we tak e  kx to  be positive. If we assum e th a t  a
den se r coronal region (region "1") h a s  a  slower so la r w ind flow speed th a n  the  less 
dense region (region "2 "), th en  upon  transform ing  to  th e  fram e in  which VOX2  = 0  we 
will have ^o x l < 0, i.e. U < 0. We also consider only the  outw ard-propagating m ode in  
th e  cen ter-o f-m ass fram e, i.e. th e  m ode having th e  largest algebraic value of co/kx; 
th is  is th e  m ode used  in  constructing  Figures 6.2 - 6.5. Consider a s  a n  example R = 
0.5. From  Figure 6.5a, we see th a t velocity sh ear leads to a  decreased ra te  of resonant 
su rface  wave decay for w aves propagating  nearly  along B 0 (0 = 20 degrees in  th is
case). O n th e  o th er hand . Figures 6.5b-c show th a t  m odest velocity sh ears  lead to  an  
increased  ra te  of resonan t decay a t  larger values of 0 (50 an d  80 degrees in  th is  case). 
The decay ra te  c a n  be enhanced  by m ore th a n  a  factor of two if 0 = 80  degrees. In 
view of th e  large cross-field s tru c tu rin g  of the  so lar corona. 0 c a n  be expected to be
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m odestly large, an d  enhanced  decay ra tes  can  be expected. However, It should  be kept 
in  m ind  th a t  if th e  flow is field-aligned, th e n  I Vo2  - Vo l I / V ^  = I Ul /c o s  0, and  small 
va lues of IUI ca n  Imply large values of IVo 2  - Vo l I If 0 is  large. For exam ple. In
F igures 6 .5b  an d  6.5c, a n  en hancem en t of the  dam ping  ra te  by  abou t 50 percen t 
requ ires I Vo 2  - Vol I => 0 .3  V ^ .  It is unlikely th a t  velocity sh e ars  of th is  m agnitude
will be found n e a r  th e  b a ses  of coronal holes, a n d  we aga in  conclude th a t  velocity 
sh e a r  will no t have a n  im portan t effect on  coronal heating  by resonan t absorp tion  of 
su rface waves. The effects of velocity sh e a rs  could be im portan t in  the  so la r wind, 
however, w here th e  super-A lfvenic flow could easily  p roduce  sh e a rs  w hich are  a 
su b s ta n tia l fraction com parable to  the  Alfven speed.
In  conclusion , velocity sh e a r  c a n  change th e  ra te  of resonance  absorption, b u t 
th e  effect is n o t d ram atic  for very sub-Alfvenic field-aligned flows in  the  corona. 
T h u s  o u r previous conclusion, based  on calcu lations w ithou t velocity shear, rem ains 
in tac t, viz. resonance  absorp tion  of MHD surface w aves c a n  play a  significant role in  
heating  coronal active region loops.
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U = Vox | /  vA2
Fig. 6.1. The norm alized wave p h ase  speed  a s  function  of norm alized velocity 
shear. In (a) th e  density  ratio  R = P2 /P 1 = 0 .5 , while in  (b) R  = 0.05. The direction of
propagation varies from  0 = 2 0  degrees to 0 = 80 degrees in  uniform  increm ents.
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^  = V 0 X I /  VA 2
Fig. 6 .2 . T he loca tions  of the  re so n an ces  w ith in  region 3 , a s  function  of 
norm alized  velocity sh ear, for R = 0 .05 . Only th e  wave m ode having th e  largest 
algebraic value of W  is show n; the  o ther m ode gives curves identical to those show n 
here , except for a  change of th e  sign of U. The heavier lines rep resen t resonances 
w hich m ake a n  u n stab le  contribu tion  to  y.
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R = 0.5 
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0 .4-0 .4 0.0
^ = Vox, /  vA2
Fig. 6.3. Sam e a s  Fig. 6.2, except for R = 0.5. All resonances m ake a  stab le  (I.e. 
decaying) con tribu tion  to  y.
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Fig. 6 .4 .  The norm alized decay rate , r ,  a s  function  of norm alized velocity shear, 
for R  = 0.05. Only th e  wave m ode having th e  largest algebraic value of W Is shown; 
the  o ther m ode gives curves Identical to  those show n here, except for a  change of the  
sign of U. In the  case of m ultiple resonances, th e ir  individual contribu tions to r  are 
shown. Negative values of T correspond to instability .
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We s tu d ied  th e  physics of reso n an ce  ab so rp tio n  of MHD su rface waves and  
investigated  th e  effects of velocity s h e a r  on th e  ra te  of resonance  absorption. We 
d e m o n s tra te d  th a t  re so n a n c e  a b so rp tio n  of MHD su rfa c e  w aves is  a  viable 
m echan ism  for heating  of the  so lar corona.
We considered MHD surface waves w hich are supported  by a  th in  tran sition  layer 
separa ting  two regions of uniform  p lasm a  and  m agnetic field. We focussed atten tion  
on  th e  behavior inside th e  tran s itio n  layer. We po in ted  o u t th a t  there  is a  useful 
approxim ation w hich c a n  be u sed  if th e  tran s itio n  layer is  sufficiently th in  so th a t  
its  inertia  ca n  be neglected com pared to  the  inertia  of th e  p lasm a which is moved in  
the  two uniform  regions by the  ex ternal surface wave. The approxim ation is th a t the  
to ta l p re ssu re  fluc tuations, 8Ptot. c a n  be taken  to  be nearly  the  sam e a s  would be 
obtained  if the  wave w ere supported  by  a  tru ly  d iscon tinuous surface. We therefore 
regarded  SPtot as know n, and  the  p lasm a and  field equations in  the  tran sition  layer 
w ere ca st into a  form  in  w hich SPtot appeared  a s  a  driving term .
This approxim ation did allow u s  to  tre a t problem s w hich h a d  not been  exam ined 
previously , w ith  less  cum bersom e m ath em a tic s . It p e rm itted  a  m ore tho rough  
d iscussion  of viscous effects th a n  can  be  found in  th e  existing literature. We provided 
analytical re su lts  w hich con ta in  th e  essen tia l param etric  dependences.
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In  the  absence of d issipation, we found two resonances w hich can  appear in  the  
tran sition  layer: cusp  resonance an d  Alfven resonance. In a  low b e ta  p lasm a su ch  as 
the  so lar corona, the  cusp  resonance is u sually  not of In terest, because it occurs only 
for slowly propagating waves which carry  little energy. B u t it could be Im portant in  
regions w here th e  p lasm a be ta  is no t sm all su ch  as  so la r photospheric m agnetic flux 
tu b es , th e  in terp lanetary  secto r boundaries, or th e  n e u tra l sheet in  the  geom agnetic 
tail. Since 8V|| is s in g u la r a t  the  cu sp  resonance  (in th e  absence  of viscosity) it is 
tem pting to  speculate th a t  th e  cusp  resonance could be the  cause  of field-aligned je ts , 
su ch  as  so lar spicules.
If th e re  is no d iss ipa tion , th e  ex te rnal su rface  wave decays an d  its  energy 
reap p ears  in  th e  reso n an t layer. T hus it becom es n ecessa ry  to solve som e su itab le  
in itia l-value problem . We found th a t  tak in g  8Ptot to  be know n m akes th e  initial 
va lue  p rob lem  a lm ost triv ia l, s ince  th e  re lev an t e q u a tio n s  boil dow n to  th e  
eq u a tio n s  for a  d riven  harm on ic  oscilla to r, w ith  SPtot a s  th e  driving term . We 
p resen ted  a  sim ple m ethod for calculating th e  ra te  of resonance  absorption, t a '1. a t 
w hich the  energy is pum ped  into a  very th in  region su rro u n d in g  the  reso n an t field 
line, by  th e  to ta l p ressu re  fluc tuations associa ted  w ith  th e  ex ternal su rface waves. 
This m ethod is easily generalized to  cases  w here th e re  are  m ore th a n  one reso n an t 
field line  in  th e  tra n s itio n  layer. E q u a tio n  (4.45) is  th e  re s u lt  for th e  Alfven 
resonance, and  (4.82) is th en  for the  cusp.
After considering d issipation less system s via in itia l-value  problem s, we tu rn e d  
to system s with viscous dissipation, for w hich steady  s ta te  so lu tions ca n  in  principle 
be found . Su rp ris ing ly , th e  rio te rm s in  th e  v isco u s s tr e s s  te n so r  for a  highly 
m agnetized p lasm a, an d  th e  b u lk  viscosity  te rm s in  th e  c lassica l v iscous s tre ss  
ten so r (i.e., the  term s involving V • V ), were found to  leave th e  s tru c tu re  of the  Alfven
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resonance una lte red , and  s teady  s ta te  so lu tions could  n o t be found. In effect, these  
v iscous te rm s c a n  n o t absorb  the  energy w hich is pum ped  into th e  Alfven resonance 
by th e  external surface wave. The qQ and  b u lk  viscosity te rm s can  a lter th e  s tru c tu re  
of the  cusp  resonance, however, b u t we did not p u rsu e  th is  point.
The Alfven resonance  is  a lte red  by  th e  c lassica l s h e a r  viscosity  te rm s. W ith 
som e approxim ations, we found th a t  the  n e t viscous heating  in  the  energy-containing 
layer w as independent of q , an d  th a t  th e  heating  precisely balanced  the  ra te  a t which 
energy is pum ped in to  the  layer. T his agrees w ith lonson’s  (1978) conjecture. B ut if q 
is no t sm all enough to confine th e  heating  to a  very th in  layer, th en  fu rth e r analysis 
is requ ired . It seem s likely th a t  th e  in teg rated  hea ting  ra te  in  th e  re so n a n t layer 
could th en  depend on  q , b u t the  point rem ains to  be  dem onstrated  analytically.
We suggested  th a t  the  velocity sh e a rs  across th e  energy-containing layer could 
drive Kelvin-Helmholz instab ilities, w hich could in  tu rn  provide a n  effective eddy 
viscosity to th a t  region. Moreover, the  Kelvin-Helmholz instab ilities m ight m ediate a 
tu rb u le n t cascade  of energy to  sm aller scales w here tru e  d issipation  in to  h ea t could 
occur, see (4.120).
O ur num erical re su lts  show ed th a t  coronal heating  by  the  Alfven resonance is 
com patible w ith a  varie ty  of the  so la r coronal da ta . P arker (1986) h a s  em phasized 
th a t  the  surface b righ tness of coronal loop s tru c tu re s  seem s to  be ra th e r  independent 
of loop size. Now resonance  abso rp tion  is basically  a  su rface  phenom enon  in  the  
sense  th a t  h ea t is deposited into layers, a t least w hen q is sm all. We have show n via 
num erical estim ates th a t  the  surface heating  from  resonance  absorp tion  shou ld  be 
reasonab ly  independen t of loop size. As far a s  we are aw are, resonance  absorp tion  
seem s to provide th e  only n a tu ra l explanation of th is  observation. We concluded th a t
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th e  reso n an ce  a b so rp tio n  of Alfvenic su rface  w aves is  a  viable m ech an ism  for 
heating  of the  so lar corona.
We investigated th e  effects of velocity sh e a r  on th e  ra te  of resonance absorption 
fo r b o th  incom pressib le  a n d  com pressib le MHD su rface  w aves. We perform ed a  
fam iliar procedure ak in  to  the  calculation of Landau dam ping. We obtained equation 
(5.31) for the  decay ra te  of the  surface wave for a n  incom pressible fluid: and  equation 
(6.21) for a  cold p lasm a. In  the  absence of velocity shear, b o th  equations yield resu lts  
ob tained  previously u s in g  different analytical m ethods (Hollweg 1987a; Hollweg and  
Yang 1988).
We found  th a t  th e  ra te  of resonance  abso rp tio n  c a n  be  e ith e r increased  or 
decreased  significantly  by  velocity shear.
The m ost in teresting  resu lt is the  fact th ere  can  exist resonances  which do not 
abso rb  energy from  th e  surface wave, b u t  ra th e r  give energy back  to  it, leading to 
in stab ility  a t  v a lu e s  of th e  velocity s h e a r  below th e  th re sh o ld  fo r th e  Kelvin- 
Helmholz instability . This instability  is resonan t, it does n o t occur if there  is a  pure  
d isc o n tin u ity , a n d  i t  is  th u s  phy sica lly  d is tin c t from  th e  K elvin-H elm holz 
instability . T his effect m ay have been  operative in  a  s tu d y  by  G oldstein et al. (1987), 
who perform ed num erical sim ulations of "turbulence" generated  by velocity sh ear in 
a n  incom pressib le  m agnetized fluid. They found th a t  in stab ilities  w ere generated  
even w hen  th e  velocity sh e a rs  were below  th e  th re sh o ld  fo r th e  Kelvin-Helmholz 
instability . The reso n an t instab ility  discovered here m ay  have been  responsib le  for 
the  Instability  found in  th e ir  num erical study.
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In  cold p lasm a, w hich Is a  reasonab le  approx im ation  to  th e  so la r corona, th e  
occurrence of the  reso n an t Instability  depends sensitively on  th e  density  ratio  across 
th e  "surface". The Instab ility  req u ires  a  strong  density  c o n tra s t w hich differs from  
th e  observational d a ta  of th e  coronal active region loops. The re so n an t in stab ility  
m ay  therefore no t be Im portant In th e  so la r corona.
Though th e  velocity sh e a r  c a n  change the  ra te  of resonance  absorption, the  effect 
is n o t d ram atic  for very sub-Alfvenic field-aligned flows in  th e  so lar corona. T h u s 
o u r  conclusion , b ased  on  ca lcu la tio n s  w ithou t velocity sh e a r , rem ains  valid, i.e., 
resonance  abso rp tion  of MHD su rface  w aves ca n  p lay  a  sign ificant role in  heating  
coronal active region loops.
We conclude now with a  few com m ents abou t fu tu re  directions.
We have already  m entioned th a t  th e  cusp  resonance n eeds fu rth e r  d iscussion; in 
p a rticu la r, th e  effects of v iscosity  on  th e  cu sp  reso n an ce  seem  to  have been  no t 
considered a t all.
O ur analysis assum ed  cota »  1, w hich is only m arginally  satisfied  in  the corona. 
An extension of the  theory  to cover cases  where rata is n o t large would be useful.
We shou ld  also m ention  th a t  we have not investigated th e  norm al m ode behavior 
of su rface  w aves w hen  d iss ip a tio n  is p resen t. T h is  is  a  p o ten tia lly  in te res tin g  
problem  w hich to  o u r knowledge h a s  n o t been  s tud ied  for com pressib le waves. For 
th e  reaso n s  m entioned  in  ch a p te r  3, we expect th a t  n o rm al m ode behavior will be 
obtained if the  viscosity coefficient exceeds a  certa in  m in im um  value.
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The effects of velocity sh e a rs  on  bo th  th e  resonance  abso rp tion  of MHD surface 
w aves and  th e  reso n an t Instab ility  could be im portan t In th e  so la r w ind, w here the  
super-Alfvenic flow could easily  produce sh e a rs  w hich a re  a  su b s ta n tia l fraction  of 
th e  Alfven speed
For so la r applications, o u r analysis shou ld  be extended to cylindrical geometry, 
even though  we feel th a t  th e  slab  ana lysis  In th is  th e s is  can  still be u sed  to  give 
reasonably  good estim ates of th e  basic  behavior of the  resonance absorp tion  process. 
Cylindrical geom etry would be useful for a  variety  of so lar s tru c tu re s . We em phasized 
coronal loops, b u t th e  so la r sp icu les an d  th in  flux tu b es  in  th e  pho tosphere  m ight 
also be heated  by resonance absorp tion  (Sakurai et al. 1991a,b).
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